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Modified AIC and MDL Model Selection
Criteria for Short Data Records

Fjo De Ridder, Rik Pintelon, Fellow, IEEE, Johan Schoukens, Fellow, IEEE, and David Paul Gillikin

Abstract—The classical model selection rules such as Akaike in-
formation criterion (AIC) and minimum description length (MDL)
have been derived assuming that the number of samples (mea-
surements) is much larger than the number of estimated model
parameters. For short data records, AIC and MDL have the ten-
dency to select overly complex models. This paper proposes mod-
ified AIC and MDL rules with improved finite sample behavior.
They are useful in those measurement applications where gath-
ering a sample is very time consuming and/or expensive.

Index Terms—AKkaike information criterion (AIC), finite sample,
minimum description length (MDL), model selection.

I. PROBLEM STATEMENT

N IDENTIFICATION procedure typically consists of

estimating the parameters of different models and then se-
lecting the optimal model complexity within that set. Increasing
the model complexity will decrease the systematic errors, how-
ever, at the same time the model variability increases [1], [2].
Hence, it is not a good idea to select the model with the smallest
cost function within the set because it will continue to decrease
when more parameters are added. At a certain complexity, the
additional parameters no longer reduce the systematic errors
but are used to follow the actual noise realization on the data.
As the noise varies from measurement to measurement, the
additional parameters only increase the model variability. To
avoid this unwanted behavior, the cost function is extended with
a model complexity term that compensates for the increasing
model variability. To summarize, the model selection criterion
should be able to detect undermodeling (= too simple model) as
well as overmodeling (= too complex model). Undermodeling
occurs when the true model does not belong to the considered
model set, i.e., unmodeled dynamics and/or nonlinear distor-
tions in linear system identification, or too small a number
of sinewaves and/or nonperiodic deterministic disturbances in
signal modeling. Overmodeling occurs when the considered
model includes the true model and is described by too many
parameters.
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Two popular model selection criteria are the Akaike infor-
mation criterion (AIC) [3], and the minimum description length
(MDL) [4], [5]. Under the hypothesis of Gaussian disturbances,
they take the form

K(0(2),z
%ep("o’m with penalty p(ng N)
2ne AIC
=\ moms ppp @
N
when the noise variance is unknown [1], and
K((2), 7
% (14 p(neN)) )

with p(ne N ) defined in (1) for known or prior estimated noise
variance(s) [6]. In (1) and (2), 6(7) are the estimated model
parameters

(%) = arg min K (6, Z) 3)

ng = dim(f) the number of free parameters in the model,
K (6, 7) the quadratic-like cost function corresponding to the
Gaussian maximum likelihood estimator

K(0,2) = 5¢7(6, 2)e(6, 2) )

with e(6, Z) the N by 1 vector of the (weighted) residuals of
the model equation (= difference between measurements and
model), Z the measurements, and N = dim(e) the number of
data points. According to the AIC or MDL! criteria (1) or (2),
the optimal model complexity is obtained by minimizing (1) or
(2) over the given set of models. Note that (1) reduces to (2) if
p(ng N) < 1, which is mostly the case in system identification
and signal modeling problems. For these cases, the minimizers
of (1) and (2) coincide.

The MDL rule has a much better reputation than the AIC
rule: The MDL criterion gives strongly consistent estimates
(N — o00) of the order of autoregressive moving average
(ARMA) noise processes [7], while the AIC criterion has a
strong tendency to select models that are too complex (see [2],
and Section III). Both criteria are nevertheless inappropriate
for short data records where the number of data samples [NV
is not much larger than the number of parameters ng. Indeed,

~

selecting a model with gives ng = N given K((0)(Z),Z) =0,

IIn case of errors-in-variables (EIV) problems In(N') in the MDL penalty
(1) is replaced by In(rank(C,,)), where C,, is the covariance matrix of the
noise on measurements Z (see [2], Chapter 17). For example, for single input
single output systems within an EIV framework, rank(Cn) = 2N. Note that
for multivariable EIV problems dim(Z) > dim(e).
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and both AIC and MDL are exactly zero. Hence, the global
minimum of (1) and (2) is attainted by the most complex
models, which is of course totally undesirable. It explains why
AIC and MDL select far too complex models for short data
records (see Section III). The same phenomenon has been
observed in (non)linear regression problems with unknown
noise variance [8]—-[10] and autoregressive time series modeling
[9], [11]. In [11], tailor made finite sample AIC criteria for
autoregressive-order selection are proposed, while in [8] and
[9], a corrected AIC rule for general (non)linear regression
problems is given. The corrected AIC rule [8], [9] for problems
with unknown noise variance has the form

AIC, : 7(0( ), )epc("o’N) with penalty p.(ng N
N p yp
2 +1
(ng ) )
N —ng—2

Similar to the classical AIC criterion (1), AIC. has also the
tendency to select overly complex models (see [10] and Sec-
tion II). Therefore, the following improvement of AIC. (5) has
been proposed in [10]

K(0(2),2) p.ny) 6)

AIC, :
N — Mg

with p.(ng'N) defined in (5). According to the sample size,
AIC, (very small) or AIC,, (moderate to large) is preferred [10].
Which model selection criterion to use also depends on the in-
tended application: physical interpretation or prediction. In case
of physical interpretation, the criterion that best selects the true
model should be preferred, while in case of prediction, the cri-
terion that minimizes the prediction error on validation data
should be chosen. In the latter case, the optimal model order
may strongly depend on the sample size [11]. In this paper, we
focus on the first problem, i.e., the physical interpretation of the
data. Note that no finite sample criteria are available for estima-
tion problems with known or prior estimated noise variance(s).

This paper proposes 1) the MDL equivalent of AIC, (5) for
estimation problems with unknown noise variance, and 2) small
sample AIC and MDL rules for estimation problems with known
noise variance(s) (see Section II). The performance of the new
rules is compared with the existing criteria on three simula-
tion examples (Section III) and one real measurement example
(Section 1IV).

II. MoDIFIED AIC AND MDL CRITERIA

A. New Model Selection Rules

‘When the noise variance is unknown, the new MDL rule has
the form

K0(2),2
%e“ (o' N) with penalty p.(ng N)
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while for known or prior estimated noise variance(s) we propose

K(2),Z
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The rationale for deriving (7) and (8) is given in the next section.

B. Rationale

The new MDL. rule (7) is derived from the corrected AIC,.
rule (5), by analogy of AIC and MDL in (1). One could derive
an MDL,, rule exactly the same way, starting from the AIC,, rule
(6), but the latter is retained because it has the tendency to select
too simple models.

The starting point for deriving (8) are the AIC and MDL rules
assuming 1) that the variance(s) of the disturbing noise source(s)
is (are) known, and 2) that no model errors are present

AIC : %(K(@A(Z),Z)—kng)
MDL : %(K(é(Z),Z)+%ln(N)) ©)

(see [1], [2], and [6]). In the absence of model errors, the ex-
pected value of the global minimum of the maximum likelihood
cost function equals

E{K(0(%), %)} = (N —n4)/2 (10)

(see [2], Theorem 17.12). Hence, on the average, the value be-
tween brackets of AIC (9) will be

N N —
K(0(2),7Z) +ng ~ 1o

Making similar calculations for MDL we get

K(6(2),2)

(U e )

(12)
where ps(ng N ) is defined in (8).

Next, recall that the factor K (6(Z), Z)/N in the classical
(1) and corrected (5) AIC criteria is an estimate of the vari-
ance o2 of the innovations (= driving white noise source of the
disturbance)

6% = 3K(é(Z), 7) = —eT(0(2), 2)e(0(2), Z)

N (13)

(see[1], [8], and [9]). In the absence of modeling errors ng linear

N

dependencies exist among the residuals e(6(7), Z) (see [2, Ch.
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17]) and, therefore, an improved variance estimate is obtained
as

~2 2 N
= K0(Z2),zZ
0 = 5o K0(2). 2)

(14)

Replacing K (6(Z), Z)/N by K(6(Z),Z)/(N — ng) in (12)
finally gives (8).

Although (8) has been derived in the absence of model errors
(overmodeling), it is also used in the presence of model errors
(undermodeling). In that case (2K (A(Z), Z))/(N — ng) is the
sum of the innovations variance o2 and the remaining modeling
errors. Note that a similar reasoning has been applied in [1] for

deriving AIC (1).

III. SIMULATION EXAMPLES

Three simulation examples are given: a time domain signal
modeling problem, a frequency domain system identification
problem, and noise modeling problem.

A. Signal Modeling Example

The goal in this example is to simultaneously estimate the har-
monic content (fundamental frequency and the complex ampli-
tudes) and the time base distortion parameters of the following
signal model s,,,(n, 6)

h
s(n,0) = Ay cos(kwt, T.) + Agpn sin(kwt, Ts),
k=1
forn=0,1,...,N —1

’

(15)

where A is a vector of length 2k with unknown amplitudes, w
is the unknown fundamental angular frequency, and 75 is the
sample period. The time instances, t,,, are given by
b/2
tn, =n+ Z By cos(2mnlT,) + Byypyosin(2rnlTs)  (16)
1=1
where B is a vector of length b with unknown time base dis-
tortion parameters. Note that the number of time base distor-
tion parameters, b, and the number of harmonics, h, are un-
known. The signal parameters f = [w, AT, BT]T are estimated
by minimizing

2

K(G,Z):% ™ (s(n) = sm(n.6))? (17)

n

0
with respect to 6, where s(n) is the observed signal (see [12]
and [13] for the details).

The chosen parameter values in the Monte Carlo simula-
tion are w = 275 year 1, A = [1,0,0,1]7(h = 2),B =
[1,1,0,0,0,1]7(b = 6), and N = 50. Zero mean white
Gaussian noise was added such that the signal-to-noise ratio
(SNR) of the measurements equals 2 or 1.5. Note that the vari-
ance of the disturbing noise is unknown, and, hence, has to be
estimated. The optimal model order (h,b) is selected by mini-
mizing AIC and MDL (1), AIC, (5), AIC, (6), and MDL.. (7)
overtheseth =1,...,5andb = 2,4,...,20(ng = b+2h+1).

This simulation was run 100 times to show its average per-
formance. Fig. 1 and Table I show the number of times that AIC
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Fig. 1. Graphical visualization of the AIC (left) and MDL (right) values of the

simulation (SNR = 2). The first line gives the result of the old rules (1), the
second line of AIC. (5) and the new MDL.. (7), and the bottom line of AIC,, (6).
Notice the contraction of the results around the true model (h = 2 and b = 6).

TABLE 1
RESULTS SIGNAL MODELING SIMULATION EXAMPLE FOR TWO SNRs

classical rules (1)
SNR=2 AIC,(5) | AIC, (6) ;l;trz;i
AIC MDL ¢
% selection 0% 10% 69% 86% 98%
true model
(h, b) = (2, 6)
mean(h, b) (5.0,19.4) | (44,16.6) (2.3,6.7) (2.1,6.3) (2.0, 6.0)
+ std(h, b) +(0.2,1.4) | £(1.0,5.1) | £(0.8,1.7) | £(0.4,1.0) | +(0.0,0.3)
classical rules (1)
SNR=1.5 AIC,(5) | AIC, (6) l\'/‘le];VL"'(';)
AIC MDL ¢
% selection 0% 4% 59% 83% 63%
true model
(h=2, b=6)
mean(h, b) (4.9,19.2) | (4.6,17.6) (2.5,7.3) (2.1,6.2) (2.0,5.2)
+ std(h, b) +(04,14) | £(0.8,3.5) | £(0.9,2.5) | £(0.6,1.2) | £(0.3,1.6)

and MDL (1), AIC.. (5), AIC,, (6) and MDL.. (7) selected a cer-
tain model order. The following observations can be made.

1) The undermodeling (h = 1 and b = 2,4) is clearly de-
tected by all model selection criteria, which is not the case
for the overmodeling (h > 2 and/or h > 6).

2) The classical AIC and MDL rules (1) often overestimate
the model order: the average selected model orders are too
high.

3) When the SNR is high (>2 in this simulation) the new
MDL.. rule outperforms AIC,, while for low SNR values
AIC, performs better.

4) As could be expected for the classical rules (1), AIC se-
lects higher orders than MDL. The same is valid for AIC..
(5) with respect to MDL,. (7).
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B. System Identification Example

The frequency domain system identification example con-
cerns the identification of a discrete-time, finite impulse
response (FIR) system G(z~1)

from noisy observations of the input/output discrete Fourier
transform (DFT) spectra U (k),Y (k)

Y(n) = Yo(n) + Ny (n)

U(n) = Up(n) + Ny (n). (19)

Uo(n),Yo(n) stand for the true unknown input/output DFT
spectra and Ny7(n), Ny (n) for the input/output errors. For a
given order R, the model parameters are estimated by mini-
mizing the maximum likelihood cost function [2] [see (20)].
with 02, 0%, and 0%, the known noise (co-)variances of the
disturbing noise sources Ny and Ny ; z, = exp(j2mn/N); N
the number of frequencies in the band [0,1) (normalized
with respect to fs); Re() the real part of; and where
the overline stands for the complex conjugate. Since
ZN-n = Zn,Y(N —n) = Y(n) and similarly for U(n)
and of;(n), (20) contains only N independent real residuals:
N/2 — 1 complex (n = 1,2,...,N/2 — 1) and two real
(n = 0, N/2). Hence, the AIC and MDL model selection rules
(2) should be applied with N and ny = R + 1. Because of the
errors-in-variables framework (all observations are noisy), the
MDL rules should be used with In(2N) instead of In(N) (see
footnote 1 and [2]).

The true FIR systems Go(z~1) consists of the 20 first sam-
ples [k = 19 in (18)] of the impulse response of a sixth-order
digital Chebysheyv filter with a pass band ripple of 0.1 dB and a
cutoff frequency of 0.1 (normalized with respect to the sampling
frequency f5). One thousand runs of a Monte Carlo simulation
were performed with N = 80. For each independent run (over
the frequency k), circular complex normally distributed errors
(see [2]) with standard deviations oy = oy = 0.05,and oy y =
0 are added to the true input/output spectra Up(k) = 1 and
Yo(n) = Go(z,1)Up(n); and the model parameters 6 are esti-
mated for model orders R = 14,15, . .., 24. The optimal model
order R is selected by minimizing the classical (2), and the new
(8) AIC and MDL rules over the set R = 14,15,...,24(ng =
R+1).

Table II shows the number of times a model of order R has
been selected for the different model selection criteria. The fol-
lowing observations can be made.

1) The undermodeling (R = 14,15,...,18) is clearly de-

tected by all model selection criteria, which is not the case
for the overmodeling (R = 20,21, ...,24).

TABLE 11
NUMBER OF TIMES AN FIR MODEL (18) OF ORDER 1 HAS BEEN SELECTED
(TRUE MODEL ORDER = 19), AND MEAN VALUE AND STANDARD
DEVIATION OF THE SELECTED MODEL ORDER

model classical rules (2) new rules (8)
order R AIC MDL AIC, | MDL,
14 0 0 0 0
15 0 0 0 0
16 0 0 0 0
17 0 0 0 0
18 0 0 0 0
19 356 607 845 923
20 125 136 78 49
21 103 85 45 18
22 112 55 16 4
23 130 55 10 4
24 174 62 6 2
mean 21.1 20.0 19.3 19.1
value
standard 1.9 1.5 0.79 0.51
deviation

2) The classical AIC and MDL rules (2) clearly overestimate
the model order.

3) The new AICg and MDLg rules (8) outperform: The
number of times the correct model order is selected is
higher, the mean value of the selected orders is closer to
the true value, and the standard deviation of the selected
orders is smaller.

4) As could be expected for the classical rules (2), AIC se-
lects higher orders than MDL. The same is valid for the
new rules (8).

It can be concluded that the new MDL rule (8) outperforms

on this example.

C. Noise Modeling Example

Consider an autoregressive (AR) noise model of order n

y(t) + ary(t — 1) + asy(t — 2) + - -
+a,y(t — R) = e(t)

where e(n) is a zero mean white noise source with variance
o2. The parameters of the AR model ai,as,...,a, are es-
timated form N observations y(0),y(1),...,y(N — 1) (no

observations of e(t) are available). Since the data record is

2n

N-1

K(0,2)=">"

Y (n) — G (71,6) Un)|?

wz0 02(n) +0%(n) |G (zn ", 0) |2 — 2Re (024,(n)G (2:1,0))

(20)
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short, it is necessary to also estimate the initial conditions
y(—1),y(—=2),...,y(—n) of the AR process, and the vector of
the noise model parameters equals

(=R

This can be done either in the time domain [1] or in the fre-
quency domain [2] leading to exactly the same results [14]. The
estimate 6 is found by minimizing

= [al;az;-~-;(1R7y(_1)>?/(_2)-,-~- (22)

L N1 R 2
K©9.2)=3 Y (1 + qu"‘) ut) @3
t=0 r=1

with respect to 8, where ¢! is the backward shift operator. For

the AR-modeling example (21), the performance of the small
sample AIC and MDL rules (5) to (7) can also be compared to
the combined information criterion (CIC)

K(0(2).2) pere(r.)

S (24)
where
R - R
poic(R, N) = max (g%ﬁgg —1-,3;1)(2')) and
v(i) = 1/(N +2 - 2i) =

for the least squares estimator (23) (see [11]).

The true AR process has the following parameters: R =
4;a17 = —1.9602; a0 = 2.2454;a3 = —1.6450; a4 = 0.5776
(poles at 0.8¢%9-1277 and 0.95¢%0-4277): and o = 1. One thou-
sand runs of a Monte Carlo simulation were performed with
N = 50. For each run, the model parameters 6 and the noise
variance o2 are estimated for model orders R = 1,2,.. ., 10.
The optimal model order 7 is selected by minimizing AIC and
MDL (1), AIC. (5), AIC, (6), MDL.. (7), and CIC (24) over the
set R=1,2,...,10(ng = 2R).

Table III shows the number of times a model of order R has
been selected for the different model selection criteria. The fol-
lowing observations can be made.

1) Contrary to the signal modeling (see Section III-A) and
the system identification example (see Section III-B), both
too simple (undermodeling) and too complex (overmod-
eling) models are selected.

2) The classical AIC (1) and the CIC (24) rules clearly over-
estimate the model order.

3) The AIC, rule (6) performs better than all the other rules:
The number of times the correct model order is selected is
higher, the mean value of the selected orders is closer to
the true value, and the standard deviation of the selected
orders is smaller. For N > 90, the MDL.. rule (7) outper-
forms. Below this N -threshold, the new MDL. rule too
often selects overly simple models and, hence, the AIC,,
rule should be used.

Notes

1) Although CIC less often selects the true model than AIC,
and AIC,,, the mean square error of the power spectra of
the selected models are about the same. It shows that the
variance of CIC (too complex models) is traded for the
bias of AIC, and AIC, rules (too simple models).

TABLE III
NUMBER OF TIMES AN AR MODEL (21) OF ORDER n HAS BEEN SELECTED
(TRUE MODEL ORDER = 4), AND MEAN VALUE AND STANDARD
DEVIATION OF THE SELECTED MODEL ORDER

model classical rules (1) AIC, 5) | AIC, 6) | CIC (29) new rule
order R AIC MDL MDL, (7)
1 0 0 0 0 0 0
2 0 1 0 1 0 3
3 11 72 40 74 20 167
4 645 881 880 896 763 824
5 106 38 67 25 116 5
6 72 7 10 4 49 1
7 48 1 3 0 21 0
8 49 0 0 0 19 0
9 29 0 0 0 5 0
10 40 0 0 0 7 0
mean 5.0 4.0 4.1 4.0 44 3.8
value
standard 1.7 0.4 0.4 0.3 1.0 0.4
deviation

2) When decreasing the number of samples N in the simu-
lation (N < 50), first the AIC. performs best (N = 40),
and next the CIC rule (N = 26).

D. Conclusion

In general, for physical modeling, the new MDL, (7) (un-
known noise variance) and MDLy (8) (known or prior estimated
noise variances) rules outperform on small data records. Below
some SNR threshold, the new MDL. (7) and MDLy (8) rules
have the tendency to select overly simple models and, hence,
should be replaced by the existing AIC, /AIC, rules and the
new AIC (8) rule, respectively. This SNR threshold is data de-
pendent and should be established by simulation. On real data
with unknown noise variance, the SNR of the measurements can
be calculated a posteriori using the improved variance estimate
(14). An alternative method for choosing between the different
AIC and MDL criteria consists in applying the metaselection
concept of [15]. A disadvantage of the method is that S times
more models must be estimated, where S is the number of data
subsets.

IV. REAL MEASUREMENT EXAMPLE

The actual example is a stable oxygen isotope data record?
sampled from a the skeleton of a bivalve mollusk (a clam), i.e.,
a Saxidomus giganteus (the number of samples is N = 63).
These data are discussed in greater detail in [16]. Collecting
such a data record of the stable oxygen isotopes in a shell takes

2A thick section of the aragonite shell was continuously sampled using a com-
puter-controlled micro drill from the growing tip to half way to the umbo. The
carbonate powder (100 p g) was processed using an automated carbonate de-
vice (Kiel III) coupled to a Finnigan Delta+XL. Data were corrected using an
internal laboratory standard and are reported relative to V-PDB in conventional
notation. Precision with this instrumental set up is generally better than 0.08%
[16].
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Classical Rules

Corrected Rules

New Rules

Fig. 2. Graphical visualization of the AIC (left) and MDL (right) values of the
real example: black are the lowest values and white are the highest. The first
line gives the result of the old rules (1), the second line of AIC. (5) and the new
MDL. (7), and the bottom line of AIC,, (6).

about 1.5 days work of manual sampling and another 1.5 days
for automatically analyzing the samples. This signal is a proxy
for the sea surface temperature and the fluctuations have an an-
nual periodicity, which is disturbed by growth rate variations.
The annual periodicity can be modeled by (15) and the varia-
tions in growth rate by (16). Again, we will try to estimate the
number of harmonics, h, and the number of time base distor-
tion parameters, b, necessary to model the signal properly. The
most complex model consists of five harmonics and 20 time
base distortion parameters. Fig. 2 illustrates the results found
by the different criteria, i.e., the classical, corrected and new
rules of the AIC and MDL criterion for problems with unknown
noise variance. The classical AIC selected the most complex
model within the model set (h = 5,b = 20), while the classical
MDL criterion was able to select a reasonable model complexity
(h = 1,b = 8). The AIC. and AIC; rules both selected a model
with h = 1,b = 8. The new MDL,. criterion selected a model
with h = 1,b = 6. Both models corresponded to a SNR value
of three. A Monte Carlo simulation with this SNR value and a
model with h = 1,b = 6 was run 50 times and showed that
the model selection was performed above the MDL threshold,
which means that the new MDL.. rule (7) is to be preferred above
the AIC.. We conclude the following.

1) While the old MDL rule (1) selected a reasonable model,
this is not the case for the old AIC rule (1).

2) The AIC. (5) and AIC,, (6) rules select the same model
complexity. This is not in contradiction with the simula-
tion results of Table I, where it can be seen that both rules
select the same model with high probability.

3) The new MDL. rule (7) selected a slightly less com-
plex model than AIC. and AIC,. Thus, independent of
the rules, the AIC selects more complex models than the
MDL criterion.

V. CONCLUSION

Based on an intuitive reasoning, modified AIC and MDL
model selection rules for short data records have been derived.
Such criteria were not available for estimation problems with
known or prior estimated noise model. Based on the simulation
results and the real measurement data, the following conclusion
can be drawn: No single model selection criterion outperforms
under all circumstances. For sufficiently high SNRs or sample
sizes, the new MDL.. (7) and MDL (8) rules outperform. Below
some SNR (or sample size) threshold, they should be replaced
by the existing AIC, (5) or AIC,, (6) rules and the new AIC; (8)
rule, respectively. In AR modeling, the CIC (24) rule is also a po-
tential candidate. The choice between the different finite sample
criteria can be based on the SNR or sample size threshold (to be
established by simulation) or by the meta model selection ap-
proach in [15]. The classical rules (1) and (2) are a special case
of the new rules (7) and (8). With an increasing number of sam-
ples the new rules (7) and (8) converges asymptotically to the
old rules (1) and (2). So, the new rules can be used for short as
well as for long data records.
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