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Abstract

The problem of estimating parameters and their uncertainty from experimental measurements in marine ecosystems is a
common task and often necessitates solving nonlinear equations. If the measurements are subject to individually varying
errors (i.e., heteroscedastic data), the parameters are often estimated using a Weighted Least Squares (WLS) method. For
estimating the parameter uncertainties, a linearized expression for the covariance matrix exists. Yet, both methods assume
that the errors on the independent variable, also called “input”, is negligible, which is often not true. For instance, in order to
determine uptake and regeneration rates of silicic acid by phytoplankton, concentration and isotopic abundance
measurements are performed at the beginning (input) and at the end (output) of an incubation experiment. Here, the so-
called input and output are measurements of the same quantities, i.e., determined in exactly the same way, only differing by
the time at which the measurements were performed. Clearly, there is no reason to assume that the input measurements are
subject to less error than the output measurements. We propose a refinement of the two abovementioned estimation methods
which enlarges their applicability to cases where input noise is not negligible. The refined methods are evaluated on the
uptake and regeneration processes of silicic acid and compared to the original procedures using Monte-Carlo simulations.
The results reveal a smaller bias for the refined WLS estimator compared with the original one. An additional advantage of
using the refined WLS cost function is that its residual value can be interpreted as a sample from a > distribution. This
property is especially useful because it enables an internal quality control of the results. In addition, the parameter
uncertainty estimation is significantly improved. By neglecting the effect of the input noise, a (potentially) important origin
of the parameter variation is simply ignored. Therefore, without the refinement, the parameter uncertainties are systematically
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underestimated. Using the refined method, this systematic error disappears and on the whole, the parameter standard

deviations are accurately estimated.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Studying natural systems often involves the deter-
mination of physical parameters which are not
experimentally accessible, e.g., rate constants. Gen-
erally, in order to quantify these parameters, some
other, related system variables are measured instead.
Then, using a chosen formal relation between the
unknown parameters and the measurable quantities (a
so-called model), the latter can finally be calculated.

This apparently straightforward procedure is often
complicated by

(1) the presence of noise on all measurements and
(i1) nonlinear model structures,

which are often encountered simultaneously when
studying natural phenomena. Yet, the well-established
parameter and uncertainty estimation procedures are
either designed for linear models or imply the absence
of noise for one of the variables, usually called the
independent or input variable. In this context, this
article presents a method which deals with both
aspects simultaneously. In fact, it corresponds to a
refinement of existing nonlinear estimation methods,
adapting them for those cases where input noise
cannot be neglected.

In the literature, the case of nonlinear models is
widely discussed. To put it simply, nonlinear models
complicate the estimation of parameters and their
uncertainty because analytic expressions for the
parameters as a function of the measurements are
not available anymore. Concerning the parameter
estimation, effort is usually concentrated upon finding
appropriate numerical optimization routines. That is to
say, the objective is to find the optimal parameter
values corresponding to the global minimum of the
cost function, as fast as possible and without diverg-
ing or “falling” in local minima (Marsili-Libelli, 1992;
Chan et al., 1993; Tang and Wang, 2002). Usually, it

boils down to finding the best compromise between
these criteria, which differs for each specific model
structure considered. Besides the estimation of the
parameters, attention has also been directed to the
parameter uncertainty estimation, especially using
linearized approximations (Donaldson and Schnabel,
1987; Marsili-Libelli et al., 2003). The accuracy of the
uncertainty estimation is found to be related to “how
nonlinear the model is” (Bates and Watts, 1980;
Donaldson and Schnabel, 1987; Grimstad et al.,
2001).

Nevertheless, to our knowledge, none of the
nonlinear estimation procedures explicitly take into
account the individual input noise influence. Instead,
they either suppose all input and output variables to
have the same noise variance, as in methods like
Perpendicular Least Squares and Model II (also called
“reduced major-axis”) regression (Riggs et al., 1978;
Jones, 1979; Valsami et al., 2000). Or they presume
the input variations to be negligible compared to the
output variations and hence simply ignore their effect,
as in the traditional Weighted Least Squares (WLS)
method (Valsami et al., 2000). However, in many
cases, these assumptions of identical noise variances
or negligible input noise are not valid. For instance,
when analyzing chemical reaction data, it often
happens that the so-called output is a measurement
of a chemical concentration, whilst one of the input
variables is the initial concentration of the same
material, i.e., determined in exactly the same way. If
in that case the absence of input noise is assumed, a
potential bias is introduced in the estimation results.
This will be illustrated in the current article. The
individual effects of input and output noise should be
taken into account during the parameter estimation
and certainly during the parameter uncertainty esti-
mation. Methods have been proposed using parameter
transformations in order to make the negligible input
noise assumption approximately fulfilled (Mandel,
1984) or to make the model as linear as possible
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(Bates and Watts, 1981). These methods are actually
trying to minimize the error made by neglecting the
input noise contribution. To our knowledge, proce-
dures that really take the input noise information into
account have only been developed for linear models.
Clutton-Brock (1967) and Chandler (1972) proposed
a parameter estimation procedure that takes into
account the linearized contribution of the input noise.
In Cecchi (1991) and Moreno and Bruzzone (1993),
the same reasoning is extended to the estimation of the
parameter uncertainties, but again for linear models
only. The fact that even these linear estimation
procedures are not yet commonly used, is illustrated
by their absence in statistical software.

To summarize, it seems that no method is readily
available to estimate parameters and their uncertainty,
taking into account all measurement variations when
the model is nonlinear, although it is frequently
encountered in studies of natural phenomena. This
article is an attempt to fill this gap. That is to say, the
existing nonlinear Weighted Least Squares (WLS) and
the Linearized Covariance Matrix (LCM) procedures
are refined, especially adapting them to take into
account input variations.

The refined methods for estimating the parameters
and their uncertainty are applied to a simple nonlinear
compartmental model describing the consumption and
regeneration of silicic acid in aquatic systems (see
Section 5.1). A better understanding of silica recycling
in pelagic waters is very important. Indeed, the role of
diatoms in global marine primary production and in
the export of organic matter has been confirmed
(Nelson et al., 1995; Buesseler, 1998). Diatoms are
major contributors to primary production in oceanic
regions and in coastal upwelling systems (e.g.,
Dugdale and Wilkerson, 1998; Brzezinski et al., 2003).

The performance of the refined methods is
demonstrated by comparing the results to Monte-
Carlo simulations. In Section 2, the general problem
statement is developed. This section defines the
general framework and introduces the concepts of
nonlinear models and noisy measurements. The
traditional estimation methods are discussed in Sec-
tion 3. The proposed refinement is then shortly
presented in Section 4. The performance evaluation
procedure is explained in Section 5. The results of this
performance assessment are finally presented and
discussed in Section 6.

2. Problem statement

The purpose of this section is to sketch a global
view of all problems to be tackled. In an attempt to
systematize the whole, the different steps leading to
parameter and uncertainty estimation are discussed
separately, considering the special assumptions made
and the difficulties arising at each stage.

2.1. The system

According to Nihoul (1975), to model a marine
system, it is first required to define the system without
ambiguity, separate it from the outside world and
identify the exchanges between the system and the
exterior. In our case, the system consists of internal
processes as well as interactions with the environ-
ment, and as a result, some measurable variables
fluctuate dependently. This means that if one or
several input variables, X, are varied, one or several
output variables, y,, seem to change as a result:

Y, = system(xp). (1)

This situation is schematically represented in
Fig. la. The question usually is to identify and
quantify the processes that cause this relation.

2.2. The measurements

In order to characterize the system, it is necessary
to collect information about it. From the previous
paragraph, it follows logically that this is done by
measuring the input and output variables. Due to all
kinds of fluctuations, the measured values x and y
generally are not equal to the true values xy and y.
Consider the following additive noise model,

X = X¢ + Dy (2a)
and
Yy =Yo+ny (2b)

where n, and ny represent the input and output noise
vectors.

In many applications, it is explicitly assumed that
n, is zero or small with respect to ny (see Mandel,
1984 for a meticulous formulation), and as a
consequence, the input noise contribution can be
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Fig. 1. Schematic representations of the system, model, measurements and noise concepts. Meaning of the symbols: the rounded boxes stand for
transformations, the others are variables. The grey boxes are the measured variables. (a) Illustration of the system concept. (b) The
measurements, in the situation of only output noise, or negligible input noise. (c) The measurements, in the situation of nonnegligible noise on
input and output. (d) Illustration of the concept “model”. The difference with (a) is that the model is a mathematical expression, whereas the
system is not. (e) Scheme of the noise transformation underlying the refined total noise estimation. In fact, it is as if there were no input noise
added to the input variables, instead the input noise is transformed into output noise and added to the original output noise. The resulting total
noise is treated as if it were merely output noise, but actually it represents an estimation of the total variation.

neglected (Fig. 1b). In this article, the more general
situation is considered: input noise cannot be
neglected (Fig. 1c). The noise elements 7, ; and n,,;
are assumed to be independent N(0, 4. ;) and N(O,
oy,;) distributed random variables (i=1, ..., N). The
variances Gi ; and oi ; are known or estimated and are
stored in the vectors 2 and 05.

2.3. The model

The next step in the identification procedure is to
select a parametric model for the system. Whereas the

system is merely a conceptual, qualitative idea, the
model is a formal, mathematical description of the
system processes under study (Fig. 1d). The model
relates the true input and output measurements via the
mathematical expression fioqe1 and the true model
parameters 6:

Yo :fmodel(XOa 00) (3)

From expression (3), it is clear that the model
enables to predict the output measurements, given the
input measurements and the model parameters.
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Many types of models exist. The models consid-
ered in this article are nonlinear in the parameters.
This means that they cannot be written as

Jmodel (X, 8) = K(x)6. (4)

For instance, a model f,oqe1(x, 0)=01x+02x2 is
linear in the parameters, whereas a model fiodel
(x, 0)=(8,+0,x)/(0:+6,x?) is not. Furthermore, it is
assumed that no model errors are present. This
means that f;,,4e 18 the true description of the system
processes (in practice a sufficiently good descrip-
tion), and that the remaining difference between
predicted model value and measurement is only of
stochastic origin, i.e., due to random measurement
variation (discussed in Section 2.2).

Once the model type, i.e., fimoqel, has been chosen,
the problem of determining the system processes can
be reformulated as quantifying the set of model
parameters 6.

3. Absence of input noise: existing estimation
methods

In this section, existing parameter and parameter
uncertainty estimation methods are briefly discussed.
These methods assume the absence of input noise. In
Section 4, they will be adapted to cope with situations
where input noise cannot be neglected. But first, the
original methods are outlined.

3.1. The parameter estimator

From the previous paragraphs, it should be clear
that after defining the system, carrying out the
measurements, and choosing the model, the remaining
step is to combine the model and the measurements in
order to estimate the model parameters.

If input noise is negligible, the Weighted Least
Squares (WLS) estimator is commonly used
(Bard, 1974; Valsami et al., 2000). The WLS
estimator of 0 is the parameter value, denoted by
éWLs, that minimizes the WLS cost function

Vwis:

Owrs = arg mein Vwis (5)

with

1 i (,)/i_fmodel(xve))2 1 a €;

1
= EeTWe. (6)

N is the number of data, e stands for the difference,
or “error”, between the output measurements y and the
model prediction fi,0401(X, 0). W represents a diagonal
weighting matrix containing the inverse of the output
variances &ﬁ is

1
a0 0
0 -
W= 852 7
- )
0 0 =
N

Note that in the WLS cost function (6), the squared
error is “weighted” by the corresponding output
variance. It allows to emphasize measurements sub-
ject to a small uncertainty and to suppress measure-
ments with a large uncertainty (Massart et al., 1997;
Pintelon and Schoukens, 2001).

However, by only considering the output varian-
ces, it is presumed that o:ii is a good estimate of the
variance of the error, y;,—fimoqe1(X,0), in Eq. (6) and
hence that the input variations are negligible com-
pared with the noise on the output. If this assumption
is violated, this can lead to a bias in Oy g (Powell and
Macdonald, 1972). In Section 4, a refinement is
suggested that better adapts the WLS estimator for
those cases.

3.2. A note on the residual cost function value

In the previous paragraph, we saw that Oy
corresponds to that parameter value for which the
WLS cost function in Eq. (6) is minimal. Due to output
noise, even for the optimal parameters there will be a
residual difference between the measurements y and
the predicted model values fi,qei(X, Owrs). There-
fore, the minimal value of the WLS cost function
Vwis(@wrs) will not be zero, but equal to a residual
value. Under the previously stated noise assump-
tions, this residual value has the interesting feature of
being a sample from a y° distribution with N—n,
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degrees of freedom (Box, 1970; Rod and Hancil,
1980), where N stands for the number of measure-
ments and ny for the number of free parameters in
the model. Formally,

VwLs (éWLS) ~ ;{]2\,,,,,,- (8)

Using this information, it is possible to assess the
“probability” of a residual cost function value. If the
residual value falls beyond a chosen confidence limit,
the results should be rejected for being “unlikely”. For
instance, if the residual value is significantly higher
than expected, the remaining difference between
model and measurements is too high to be explained
only by stochastic measurement noise. This signifi-
cant difference between the expected and observed
residual cost function is an indicator of systematic
errors. These can be due to (i) model errors, (ii)
artifacts in the measurements or (iii) ill estimation of
the experimental uncertainties. In order to determine
exactly which of these three is the cause of the
unexpected residual cost function, it is necessary to
analyze replicate data sets.

To summarize, using a WLS cost function has the
additional benefit of providing an internal quality
control of the results, via interpretation of its residual
value. Yet, note that this property is only true as long
as the assumption of negligible input noise holds.

3.3. The parameter uncertainty estimation

In order to interpret the estimated parameter values,
it is necessary to assess the uncertainty associated
with them. For nonlinear models, straightforward
“error propagation” calculations are generally impos-
sible since no explicit expression for the parameters as
a function of the measurements is available.

Instead, Monte-Carlo, bootstrap or jackknife
simulations are often used to estimate the parameter
uncertainty (Meinrath et al., 2000 and references
therein). These procedures consist of simulating a
large number of data sets, based on the true
measurements, but either with a different simulated
random noise realization (Monte-Carlo) or with a
different sampling from the original measurement
record (bootstrap and jackknife). For each such
“synthetic data set”, the optimal parameters are
estimated. This results in a distribution of best-fit

parameter values from which the statistical properties
can be examined.

Usually, these methods are said to deliver accurate
results as long as enough simulations are performed
(e.g., Massart et al., 1997). However, it is often not
mentioned that an additional condition for reliable
results is the use of an accurate parameter estimator.
Indeed, these simulation methods use perturbations
around the optimized parameter values. Therefore, it
is implicitly assumed that these parameter values are
unbiased. For instance, if input noise is negligible, the
original WLS estimator (cf. Section 3.1) is unbiased
and can be used. However, if input noise is not
negligible, this is not true anymore and another,
unbiased estimator should be chosen. In short, these
simulation methods are useful tools to assess param-
eter uncertainties, as long as some conditions are met.
Their main disadvantages are that they are (i) time-
consuming, due to the large number of simulations to
be processed, and (ii) difficult to incorporate in an
automated routine calculation, because, e.g., optimi-
zation problems may occur for particular noise
realizations or resamplings.

Alternatively, procedures based on an approxima-
tion of the parameter covariance matrix (Cov) often
provide reasonable parameter uncertainty estimates.
We consider the following first order approximation
of Cov, assuming that the model is approximately
linear with respect to the parameters near the optimal
values:

Cov(6) = (3(6) TWJ(é))_l, 9)

where J(é) stands for the Jacobian matrix of the
model function f;,04c1(X, 0) at 6,

_ 8fmodel (X, 9)

J ‘ .
00 0=0

(10)

The diagonal elements of Cov(é) are the parameter
variances. Using the Linearized Covariance Matrix
expression (9) for estimating the parameter uncer-
tainty has the benefit of being very easy and fast to
compute (Donaldson and Schnabel, 1987), e.g., it can
usually be integrated in the parameter optimization
algorithm as a final calculation. The main disadvant-
age is that in case of nonlinear models, the calculated
parameter variances are only approximations. How-
ever, expression (9) has been proven to be asymptoti-
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cally exact (e.g., Pintelon and Schoukens, 2001), i.e.,
for increasing number of measurements Eq. (9)
approaches the true covariance matrix, even if the
model is nonlinear. If the number of data is small, the
accuracy of the approximation varies for each data set
and each model, depending on the “degree of
nonlinearity” and the signal-to-noise ratio of the
model-measurement combination.

Finally, note that W in Eq. (9), as defined in Eq.
(7), is composed only by the output variances &;,-.
Hence, it is again implicitly assumed that the input
variations are negligible. Obviously, if this assump-
tion is not valid, a significant origin of variation is
ignored and the estimated parameter variances will
underestimate the true variations. For these cases,
expression (9) will be refined in Section 4 in order to
include the input noise contribution to the parameter
variation.

Other approximations for Cov exist, e.g., using the
Hessian matrix instead of the Jacobian. However, it has
been shown that these computationally more expen-
sive and numerically less stable alternative procedures
do not improve the uncertainty estimation significantly
(Donaldson and Schnabel, 1987; Varah, 1990).

4. Presence of input noise: refinement of the
existing methods

In Section 3, the Weighted Least Squares param-
eter estimator and the Linearized Covariance Matrix
expression are introduced. Both are based on the
assumption that input noise is negligible compared
with output noise. This Section presents a refinement
of the abovementioned methods in order to include
the input noise effect as well. The proposed adjust-
ment is based on a refinement of the weighting matrix
W (Eq. (7)), which appears in both the expression of
the WLS cost function (Eq. (6)) and of the parameter
covariance matrix (Eq. (9)). W should express the
total variance of the error (Y—/mogel(X, €)). Tradition-
ally, as only the output is supposed to be noisy,
Srmodel(X, ) is noise-free and the total variation equals
the variation on y. In that case, W is composed by the
inverse variances of the individual output measure-
ments &;(cf. Eq. (7).

Now, the aim is to take into account the input
variances as well. For that, their effect on the fi,,04e1(X,

0) term should be known or estimated. This is
achieved by linearization of the input noise contribu-
tion, as was already described by Clutton-Brock
(1967) in the framework of likelihood functions.
Chandler (1972) has reformulated the problem in
terms of Weighted Least Squares. Fig. le schemati-
cally represents this adjusted noise conceptualization.
In fact, the input noise is transformed into output
noise via a linearized approximation, and added to the
original output noise, by that way delivering an
improved estimation of the total variation. Now, the
refined weighting matrix, W,, is still a diagonal
matrix, but composed by i 1nverse variances o7, which
are first-order corrections of a;.;:

2l

Note that in the special case where input
variations appear to be negligible compared to output
variations, the refined weighting matrix simplifies to
the original W, as the correction term in Eq. (11)
tends to zero. Therefore, Eq. (11) is generally
applicable, and it is not necessary to make a priori
checks about whether or not the input noise is
negligible. In conclusion, W, is a generalization of
W enlarging its applicability from cases where only
output noise is significant to cases where all variables
are disturbed by noise.

Substituting W by this refined W, in the expression
of the original WLS cost function (Eq. (6)), creates a
refined WLS cost function, which finally takes the
input variations into account. The refined WLS
estimator , O.w1g, is defined in analogy with Egs.
(5) and (6) as

ay; | 1

= (W) (11)

Xy

O,wis = arg mein ViwLs (12)

with

rWLS -

eTWre. (13)

If o7 (Eq. (11)) is a good approximation of the
total variation, the residual V,wg value will again be
a x° distributed variable with N—ng degrees of
freedom.
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The refinement is expected to have most effect on
the parameter uncertainty estimation. Indeed, using
W, in the expression for the parameter covariance
matrix (Eq. (9)), gives

Cov(6) = (J((:))TWrJ(é))_l, (14)

and enables more reliable parameter uncertainty
estimation, not ignoring any (known) origin of
variation. Since W, is a generalization of W, both
refined expressions are also valid in the special case
where input noise is negligible compared with output
noise.

The presented refinement of the weighting matrix
(Eq. (11)) that includes the input variations has
certainly the benefit of its simplicity, especially
because the original expressions for the WLS cost
function (Eq. (6)) and the LCM (Eq. (9)) can still be
used. On the other hand, it should be kept in mind that
for models not linear in the input variables, the
refinement is still a first-order approximation. How
well this approximation works is difficult to predict.
Depending on the model, the values of the parameters
and the measurements, the approximation will under-
or overestimate to a different extent. In Section 6, the
refined estimation methods are tested on real data and
on simulations.

5. Assessment of the refinement

In the previous section, we have presented a
refinement of (i) the WLS parameter estimation and
(i1) the LCM for estimating the parameter uncertainties.
The refinement is an attempt to enlarge their applic-
ability to experiments in which all variables are
disturbed by noise, by also including the contribution
of input noise.

The remainder of the article is devoted to the
empirical assessment of the proposed refinements.
The results are shown and discussed in Section 6. But
before that, the procedures used for that assessment
are outlined in the following sections. First, the
system chosen to apply the methods to is introduced
(Section 5.1). Next, the assessment procedures of the
parameter estimation (Section 5.2), the residual cost
function distribution (Section 5.3) and the parameter
uncertainty estimation (Section 5.4) are described.

5.1. Uptake and regeneration of silicic acid: model
and experiment

The system investigated consists of the consump-
tion and regeneration of (dissolved) silicic acid by
phytoplankton. The question is to determine the rate at
which these processes occur. For that, the samples are
spiked with *°Si-enriched silicic acid (Beucher et al.,
2004). Then, the changes in concentration and iso-
topic abundance of silicic acid (D) and biosilica (P)
are assessed by measuring them just after the spike
(#=0) and after a certain incubation period (=t,c).
With isotopic abundance, o, is meant [>°Si]/([**Si]+
[2SiH[*°Si]) - 100%.

In order to extract the unknown rates from these
measurements, a two-compartmental model is used,
which is depicted in Fig. 2.

The differential equations associated with this
model are

— =R-U

at

& __ g2

o D . (15)
— =U-R

gt

Xp Xp Xp_EXp
— =R—+U

at P - P

The symbols are defined in the Glossary. The
unknown parameters are the zero order rate constants
R (regeneration rate) and U (uptake rate). The input
variables are the measurements at the beginning of the
experiment (=0): D(0), &p(0), P(0) and &p(0). Note
that the isotopic enrichment is expressed using at.%
excess, &, instead of the abundance «, because this
allows a simplification of the equations. The output
variables are measurements of the same quantities but
performed after the incubation (#=t;,,c): D(?), &p(?), P(?)
and @p(?). Clearly, input and output measurements are
equivalent and thus it is not justified to assume that the

0=0

Fig. 2. The compartmental model used for estimating the uptake and
regeneration rates of silicic acid. Compartments represent the pools
of silicic acid (D) and biosilica (P). The arrows symbolize the rates
of silicic acid uptake (U) and regeneration (R).
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input variations are negligible. In addition, it should be
noted that the input and the output variables, respec-
tively, are composed of four different quantities, which
are each measured in a different experiment. Con-
sequently, the noise variance of one variable is, in
general, different and independent from that of another
variable (heteroscedastic data). In other words, each
error term (i.e., the numerator in Egs. (6) and (13))
should be weighed by a different variance and the
weighting matrix is indeed diagonal (cf. Eq. (7)). With
four output measurements and two parameters to be
estimated, the system has two degrees of freedom.

When the equations (Eq. (15)) are integrated, the
actual model equations, i.e., of the form y=f ,oqc1(X, 0)
(cf. Eq. (3)), are obtained:

D(t) =D(0) + (R—U)t

@p (1) = (wp(0) — @ (0)) 1 +%t>ﬁ

P(t) =P(0) + (U — R)t
(p(0) —p(0))D(0) R-U \#

P0)+ (U — R)t -0+ )

Xp =

(16)
Due to the second and the fourth equations, this
model is nonlinear in the parameters R and U and in
the input variables D(0), &p(0), P(0) and ap(0).
The basic assumptions underlying these equations
are:

(1) All the Si that leaves the dissolved pool appears
as particulate biosilica and Si recycling is
regarded as a process that transfers Si from the
particulate to the dissolved pool.

(2) Isotopic fractionation during uptake and regen-
eration is negligible.

(3) The regeneration of substrate consists of nonen-
riched compounds, i.e., the abundance of regene-
rated species equals the natural abundance
(=0%).

(4) The flux rates R and U are constant during the
experiment.

5.2. Assessment of the refined parameter estimation

In Section 4, a refinement of the WLS parameter
estimation is proposed, which should improve the
estimate in those cases where input noise may not be
neglected. But how can this be verified? It is not
possible to assess the accuracy of one estimation,

since it is just a sample from a stochastic distribution.
In other words, the optimal parameter values depend
on the specific noise realization of the data; so for
each noise realization, the estimator would have a
different “accuracy”. Instead, the consistency of the
estimation can be evaluated. This property of the
estimation describes whether or not the optimal
parameters converge in probability to the true values
when the number of data tends to infinity. By taking
into account an increasing number of data, the
influence of noise should progressively be cancelled
out. An estimator (V) is consistent if

lim P(|6(N) — 6|>e>0), (17)

with ¢ an arbitrary small number. When both input
and output variables are disturbed by noise, the
original WLS estimator, Owis as defined in Eq. (5)
is inconsistent (e.g., Powell and Macdonald, 1972).
Using simulations, the inconsistency of éWLS has been
empirically confirmed, and a smaller bias has been
observed for the refined estimator. The results are
shown in Section 6.1.

5.3. Assessment of the residual cost function
distribution

In the situation where input noise is not negligible,
the residual Vwig value is expected to be a sample
from a y* distribution with N—n, degrees of freedom
(cf. Eq. (8) and Section 3), while the residual Vg is
expected not to be. These expectations are verified by
Monte-Carlo simulations. One thousand different
noise realizations were generated for the same data
set. These 1000 artificial data sets were optimized
minimizing (i) the original WLS cost function and (ii)
the refined cost function. Next, the distributions of the
resulting 1000 residual Vs and Vs values were
compared to the theoretically expected y* distribution.
The results are given in Section 6.2.

5.4. Assessment of the refined parameter uncertainty
estimation

Two different tests were performed to assess the
uncertainty estimation. First, a collection of 42 data sets
performed by and described in Beucher et al., 2004
were considered. The dissolved Si concentration
ranges from 0.85 to 10.5 pM, whereas the particulate
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Si (biosilica) varies between 0.24 and 4.0 pM. The
experimental relative standard deviations range from
2% to 20%. For each data set, the parameter standard
deviations were calculated via the LCM, (i) using the
output W and (ii) using the refined W, Both un-
certainty estimations are expected to give different
results, namely, the first will give lower standard
deviations than the latter. But so far, it is not yet pos-
sible to evaluate the accuracy of each of the standard
deviation estimates. For that, a Monte-Carlo simulation
with again 1000 different noise realizations was
performed, for each data set. The parameter variation
derived from the simulation is taken as the true standard
deviation (with an uncertainty of +4%). In Section 6.3,
the comparison between (i) the true standard devia-
tions, (ii) the estimated ones using the LCM expres-
sion with W and (iii) the estimated ones using the
LCM expression with W, is shown and discussed.

original WLS
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Secondly, the performance of both estimations was
assessed for one experimental condition, but with
increasing input to output noise ratio. It is expected
that the LCM estimation using the output W will
increasingly underestimate the parameter variation, as
the noise ratio augments. But how well will the
estimation using W, cope with increasing input noise?
This was checked, again using Monte-Carlo simula-
tions to derive the true parameter standard deviations.
The results are shown and discussed in Section 6.3.

6. Results and discussion

6.1. Consistency of parameter estimation

Fig. 3 shows the estimation results using the original
and refined WLS cost functions for an increasing

refined WLS
w
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Fig. 3. Assessment of estimation consistency. The estimated parameter values (in pM/h) are shown as a function of the number of simulated
experiments used for the estimation. Meaning of the symbols: the light grey solid line represents the estimated parameter value, the dashed grey
line shows the mean of the estimated parameter values, the bold black line shows the true parameter value and the dotted lines indicate the
estimated 95% confidence interval. (a and b) Consistency of original WLS estimation. The estimation shows a small bias: the estimation
converges to a value lower than the true value. (¢ and d) Consistency of refined WLS estimation. The estimation shows a smaller bias.
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number of data. It is expected that the original WLS
procedure gives inconsistent estimations (cf. Section
5.2), and that the refinement decreases this incon-
sistence. The results of the simulation test illustrate
these expectations. Indeed, the following observations
can be made:

(i) The original WLS estimator gives inconsistent
results for both parameters R and U: indeed, in
Fig. 3a and c, the mean of estimated parameter
values (grey dashed line) does not converge to
the true value (solid black line), but to a lower
value.

(i) When the refined estimator is used, this incon-
sistency is decreased (Fig. 3b and d). This
illustrates that the proposed refinement repre-
sents an improvement of the classical WLS
procedure.

(iii) The refined R estimation still exhibits a certain
bias (Fig. 3b). This is due to the fact that the
proposed refinement takes the input variations
into account via a linearization, which is only a
first order approximation when the model is
nonlinear in the input variables.

(iv) The observed inconsistency is (for both estima-
tors) larger for parameter R than for U.

Summarizing, the simulation test illustrates that the
original WLS estimator is inconsistent and that the
refinement decreases the inconsistency.

Finally, it should be noted that this estimator
property is mostly of theoretical importance, since in
practice this asymptotical limit is never reached (see
Eq. (17)). Nevertheless, we have included this section
to show that the proposed refinement also influences
the parameter estimation itself.

6.2. Distribution of the residual cost function values

Using a WLS estimator has the benefit of deliver-
ing an interpretable residual cost function in addition
to the estimated optimal parameters. However, for this
special feature to be true, it is necessary that the
weighting matrix reflects the total variation of the
error vector e (cf. Eq. (6)). Therefore, when input
noise cannot be neglected, it is expected that the
residual values of the original WLS cost function are
not y* distributed. Fig. 4a displays the results of the

simulations performed to test this: the residual cost
function values, plotted as a histogram, do not match
the theoretical * function. Rather, there are too few
low values and too many high values, which is the
expected pattern for an underestimation of the total
variation. Thus, even if, perhaps, the original WLS
procedure produces quite reliable estimated parameter
values (cf. Section 5.1), it is not possible to interpret
its residual cost function in order to get information
about the “acceptability” of the whole.

On the other hand, the residual values of the
refined WLS cost function seem to fit very well the
theoretical x> curve (Fig. 4b). Consequently, using the
refined WLS estimation offers the additional benefit
of an interpretable residual cost function value.
Moreover, these results confirm that the refined
weighting matrix W, is an acceptable approximation
of the total variation, which is clearly better than the
original W.

6.3. Recovery of uncertainty estimation

The LCM uncertainty estimations are evaluated by
two ways. First, they are applied to real field data with
fixed input and output noise variances. Secondly,
synthetic data are used for which the input noise to
output noise ratio is varied. The results of the first test
are shown in Fig. 5. Forty-two data sets from Beucher
et al. (2004) were analyzed as explained in Section
5.4. Because the standard deviations are of different
magnitude, the results are shown as recoveries, i.c.,
the estimated standard deviation divided by the true
one (derived from Monte-Carlo simulations).

Clearly and as expected, the uncertainty estimation
using the original weighting matrix, which only
considers the output variances, systematically under-
estimates the true parameter variation (the recoveries
are systematically below 1). The average recoveries
are 65% for parameter R and 62% for parameter U.
On the contrary, the refined estimation is mostly a
good approximation of the true variation. Sometimes,
it under- or overestimates the true standard deviation,
but there does not seem to be a systematic error. This
is illustrated by the much better average recoveries:
94% and 92% for R and U, respectively. This
confirms that the refined uncertainty estimation is,
on the whole, a good approximation of the true
parameter variation.
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Fig. 4. Residual cost function values shown in a normalized histogram. The normalized histogram of simulated residual cost function values
(/) is compared to the expected probability density function with two degrees of freedom (==mm=). (a) Original WLS cost functions: the
histogram does not correspond to the expected distribution. (b) Refined WLS cost functions: the histogram matches the expected function.
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Fig. 5. Assessment of the uncertainty estimation applied to real data. The recovery achieved by the estimation using the original W (X) and
using the refined W, (O) are compared the ideal recovery of one. By recovery, it is meant: the estimated standard deviation divided by the true
standard deviation. The grey dotted lines represent the approximate 95% confidence interval of the Monte-Carlo recovery. The error bars
represent the approximate 95% confidence intervals of the estimated standard deviation recoveries. The recovery results are shown for the

standard deviation estimation of (a) parameter R and (b) parameter U.

Nevertheless, it should be kept in mind that the
LCM remains a linear approximation. Consequently,
the recovery of the estimated standard deviations
depends on the experimental conditions, but in an
unpredictable way. Actually, the LCM expression
with W, (Eq. (14)) contains two linearizations. The
first is with respect to the parameters, which is why it
delivers only approximated parameter uncertainties
when the model is nonlinear and the number of
measurements is small. The other linearization, with
respect to the input variables, comes from W,. If the
model is linear in the input variables, this linearization
is exact. Otherwise, as is the case with the Si cycling

system under study, it is an approximation. The
approximation could be improved by taking into
account higher-order terms. But this would demand
more computational time and could also increase the
risk of instabilities. Another drawback is that higher-
order moments should be accurately known, which is
not obvious in general.

The results of the second test, in order to assess the
performance of the uncertainty estimations for
increasing input noise to output noise ratio, are
displayed in Fig. 6. The output noise amplitude was
always 5% of the output; this means that each noise
realization was a sample from a N(0, 0.05-y)
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Fig. 6. Assessment of the uncertainty estimation for increasing input noise. The meaning of the symbols: The estimated standard deviation for U
and R estimated using the original W (X) and using the refined W, (O) are compared to the standard deviation derived from 1000 Monte-Carlo
simulations (====). The error bars represent the approximate 95% confidence intervals of the standard deviation estimates. The relative output
noise amplitude is always 5% of the output. Thus, the relative input noise amplitude varies from 0.05% to 10% of the input. (a) The standard

deviation of parameter R. (b) The standard deviation of parameter U.

distribution. While the output noise amplitude was
fixed, the relative input noise amplitude was varied
from 0.05% to 10% of the input. Fig. 6 nicely
illustrates that for increasing relative input noise, the

true parameter standard deviations increase too. This
is understandable, because when the measurements
used to estimate the parameters are increasingly
variable, the parameter estimation itself will be subject
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to an enhanced uncertainty as well. However, this
trend is not at all present in the LCM estimations with
only output weighing. Rather, the estimated standard
deviations remain approximately constant and thus are
increasingly inaccurate. Since this estimation ignores
an increasingly important origin of variation, namely,
the input noise, and only considers the output noise
which remains constant, this result is expected.
Finally and most importantly, the refined standard
deviation estimations do show an increasing trend,
which follows relatively well the true standard devia-
tion. Apparently, the refined method produces satis-
factory estimations of the parameter standard
deviations, even when the input noise level is of the
same or higher magnitude as the output noise. When
the input noise becomes small with respect to the output
noise, the figures show that the refined estimation
converges to the original estimation. This is expected
since the refined weighting matrix converges to the
original one as the input noise variance tends to zero.

7. Conclusions

When a nonlinear model—in our case for the
uptake and regeneration of Si in pelagic waters—is
used for describing measurements which are all
disturbed by noise, it is not so obvious to estimate
the model parameters or, even less obvious, the
parameter uncertainties. It is for these problems that
we have formulated a refinement of the well-known
Weighted Least Squares estimator and the Linearized
Covariance Matrix expression, which originally
neglect the effect of input noise. The refinement is
based on a generalization of the weighting matrix by
taking into account the input variations as well.

First, a comparison between the original and refined
WLS estimator on a hypothetical data set revealed that
the refined estimator exhibits a smaller bias.

Second, the analysis of the residual cost function
values of both estimators showed that only the refined
cost function is nicely z* distributed, which confirms
that the refined weighting matrix W, is a good
reflection of the total variation, and certainly better
than the original W. Using this statistical feature of the
refined WLS cost function, it is possible to identify
systematic errors in individual measurement-model
results. This property is important because it allows an

internal quality control of the results and it can be
used to select the most appropriate model from a set of
models for a given data set (de Brauwere et al., in
press).

Furthermore, the estimation of the parameter
uncertainty using the Linearized Covariance Matrix
expression was tested on field data of dissolved and
particulate Si in the Bay of Brest (France) from
Beucher et al. (2004). The estimated standard devia-
tions were compared to values derived from Monte-
Carlo simulations. Overall, the recovery was good for
the refined method (average recoveries of 94% and
92% for R and U, respectively), whereas with the
original W, the estimations systematically and sig-
nificantly underestimated the parameter variations
(average recoveries of 65% and 62%).

Altogether, the refinement of the weighting matrix
corresponds to a better estimation of the total variation
and this especially improves the estimation of the
parameter standard deviations using the Linearized
Covariance Matrix expression. Finally, it is worth
emphasizing that although the methodology was
developed for and exemplified by the silicic acid
processes, it is applicable to all parameter estimation
problems based on measurements that are subject to
stochastic errors.

Glossary

Symbol Description

é(,)WLS Optimal values of parameters 6 correspond-
ing to the minimal (r)WLS cost function, as
defined in Egs. (6) and (12) (n9Xx1 vector)

i) Optimal values for the parameters 0 (19X 1
vector)

0 Parameter vector (ngx1)

0, True parameter values (17X 1 vector)

o, Natural abundance of Si=3.4%

ap, op  Isotopic abundance of Si of silicic acid (D),
or biosilica (P)=[>"Sily/([**Si]x+[*’Si]y+
[*%Sily) - 100%

o;, 6, True or estimated values of output noise
variances (N X1 vector composed by oi ; or
6_y,i)

oy, 6 True or estimated values of input noise
variances (N1 vector composed by ¢, or
D)

®p, &p Atom% excess of Si in silicic acid pool (D),
or biosilica (P)=0—a,,
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Cov(f) Covariance matrix associated with parameters
0 (ngxny matrix)

D Total concentration of (dissolved) silicic acid=
[Si(OH)4]
E Error vector (Nx1 vector)

fmodel Functional expression of model

J(0) Jacobian matrix, calculated for parameter val-
ues 0 (NXny matrix)

LCM Linearized Covariance Matrix, see Egs. (9) and
(14)

N Number of output measurements

ng  Number of parameters to estimate

ny Input noise terms, as defined in Eq. (2a) (NX 1
vector)

n, Output noise terms, as defined in Eq. (2b)
(N X1 vector)

P Total concentration of biosilica=[BSiO;]
R Regeneration rate of Si, dissolution rate of
biosilica

rWLS Refined Weighted Least Squares

U Uptake rate of Si, production rate of biosilica

Viywrs (refined) WLS cost function, defined in Egs.
(7) and (13)

W Original weighting matrix, assuming only out-
put noise (NXN matrix)

WLS Weighted Least Squares

W, Refined weighting matrix, including the effect
of input noise (N XN matrix)

X Input variable or measured value of input
variable (Nx1 vector)

Xo True values of input variables (Nx1 vector)

y Output variable or measured value of output
variable (Nx1 vector)

Yo True values of output variables (Nx1 vector)
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