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Abstract. We prove that if the physical entity .S consisting of two separated physical entities S7 and S9 satisfies
the axioms of orthodox quantum mechanics, then at least one of the two subentities is a classical physical entity.
This theorem implies that separated quantum entities cannot be described by quantum mechanics. We formulate
this theorem in an approach where physical entities are described by the set of their states, and the set of their
relevant experiments. We also show that the collection of eigenstate sets forms a closure structure on the set of
states, that we call the eigen-closure structure. We derive another closure structure on the set of states by means
of the orthogonality relation, and call it the ortho-closure structure, and show that the main axioms of quantum
mechanics can be introduced in a very general way by means of these two closure structures. We prove that for
a general physical entity, and hence also for a quantum entity, the probabilities can always be explained as being
due to the presence of a lack of knowledge about the interaction between the experimental apparatus and the
entity .

1. Introduction.

We have developed the description of a compound entity S consisting of two separated entities Sy
and S, in detail in V), and want to propose here a new description of the entity S consisting of two
separated entities S; and Ss, that takes into account the critique put forward in ). To do this we
have to treat the situation where we consider explicitly experiments with more than two outcomes
for the empirical basis of the theory. The description in () was given in the theory originated by
Piron ® and elaborated by Piron and myself (1:45:6) The basic philosophy of the description that we
present here is rooted in the approach developed in (1:3:4:5:6) but now we allow explicitly experiments
with more than two outcomes for the empirical basis of the theory. In this paper we shall, apart
from developing the general description of the entity consisting of separated entities, incorporating
the critique of (), also develop the mathematical framework of this approach with experiments with
more than two outcomes. We particularly want to investigate the different topological structures that
are generated on the state space. We show that some of the original axioms of the theory in (1:4:5:6)
are identical with well known properties of the topological structure, and we shall see that by means
of the introduction of these topological structures the description of the entity consisting of separated
entities turns out to be much easier, and founded on the collection of ’all’ available experiments. In
this way the critique put forward in @ is explicitly taken into account. The main theorem of V),
namely "If the entity S describing the two separated entities S; and Sy satisfies the axioms of orthodox
quantum mechanics, then at least one of the subentities Sy or Ss is a classical entity” (which implies
that two separated quantum entities cannot be described by quantum mechanics) remains true in this
new description.
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2 The description of one entity.

The basic concepts are ’experiments’, denoted by e, f, g, ..., with outcome sets denoted by O, Oy,
Oy, ..., to be performed on a physical entity S and ’states’ of this physical entity, denoted by p,q,r, ....
For a given experiment e we denote a possible outcome by z¢, and the probability that the experiment
e gives the outcome x%, when the entity is in state p, by P(e = z' | p). The set of states of S is
denoted by 3, and the set of experiments by £. In principle the outcome set O, of an experiment e
can be a finite or an infinite set, and the approach that we want to present is valid for both cases.
As is well known, the case where the outcome set O, of an experiment e is an infinite set has to be
treated with care and easily gives rise to extended notations. Since we are interested mainly in the
problem of the description of the compound entity .S, consisting of two separated entities S7 and Ss,
and don’t want to complicate the main results by a burden of notations, we treat only the case of
finite outcome sets. The reader can check that the results remain valid and that the theorems can be
proved for the case of infinite outcome sets in an analogous way. Hence for each experiment e, the
outcome set is given by O, = {xl, 22, ..., 2"}.

Let us indicate how these concepts are encountered in Hilbert space quantum mechanics. A state
p of S is represented by a ray (one dimensional subspace) of the Hilbert space H, denoted by 1/_Jp,
where 1), is the unit vector in this ray. We’ll denote the set of all rays by 4. An experiment e is
represented by a self-adjoint operator H, on H, and the outcome-set O, of e is given by the spectrum
oe of H.. We'll denote the collection of all self-adjoint operators by E.

2.1 The entity, the set of states and the set of relevant experiments.

In the following we always consider an entity S, described by a set of states X, a set of experiments
&, and a set of probabilities {P(e = z% | p) | e € £,2% € O, p € ¥}. We introduce the following map:

Definition 1 : When A C O,, we define eig.(A) C X such that when p € eig.(A), and S is in the
state p, the outcome of the experiment e is with certainty (probability equal to 1) in A. We say that
eige(A) is an eigenstate set of the experiment e with eigenoutcome set A.

The connection between the eigenstate set eig.(A) of an entity and a property of the entity, as
introduced in (1:3%56) is easy to point out. Therefore we shortly explain the concept of ’property’
and ’test’ (experimental project or question) as used in (1,3,4,5,6)

A test is an experiment that can be performed on the entity and where one has agreed in advance
what is the positive result. In this way, each test a defines a particular property a of the entity. We
say that a property a is ’actual’ for a given entity S if in the event of the test a the positive result
would be certainly obtained. Other properties which are not actual are said to be potential. We
suppose the set @ of all tests that can be performed on the entity to be known. A test o € Q) is said
to be ’true’ if the corresponding property a is actual, which means that if we would perform « the
positive outcome would come out with certainty. A test « is said to be stronger than a test § (we
denote a < f3), iff whenever « is true also 3 is true. A test « and a test 3 are said to be equivalent iff
a < B and 8 < a. We identify the equivalence classes containing a with its corresponding property a.
The set L of all properties is a complete lattice with the inherited order relation. We can represent
each property a by the set u(a) of all states of the entity S that make this property actual, which
defines a map u : £ — P(X), which is called the Cartan map.

We can see that eig.(A) is the Cartan image p(a?) of the property a?, defined by means of the
test a, consisting of performing the experiment e and giving the positive answer if the outcome is
an element of A. Since the Cartan map is an isomorphism on its image, the property lattice £ of the
entity S is isomorphic to the collection of eigenstate sets. The statement "the property a is actual’
is equivalent to the statement ’the state of S is in eig.(A)’ and to the statement ’the experiment e
gives with certainty an outcome in A’.

In the quantum case the eigenstate sets are obviously represented by the closed subspaces of the
Hilbert space. We have the following theorem:



Theorem 1 Let us introduce the following notations: P(O,.) is the collection of all subsets of O, and
P(X) is the collection of all subsets of . Then the map

eige : P(Oe) — P(X) (1)
satisfies the following properties:
eige(0) = 0 (2)
€ige(O,) = 2 (3)
eige(N;A;) = Njeige(4A;) (4)

Proof : p € eig.(N;A;) <= S being in state p, an execution of e gives with certainty an outcome
in N;A; <= S being in state p, an execution of e gives with certainty an outcome in A; for each ¢
<= p € eig.(4;) for each i <= p € N;eig.(4;).

We remark that eig.(A U B) is in general not equal to eig.(A) U eig.(B) for A,B € P(O.). The
existence of superposition states is the origin of the failure of this equality in the quantum case.

We want to introduce now a specific operation on the set of experiments. Let us put forward a general
definition:

Definition 2 Let us consider an arbitrary subset E C £, and introduce the experiment, corresponding
to this subset E, that we shall denote by eg, in the following way: the experiment e consists of
performing one of the experiments f € E.

The experiment eg has an outcome set Op = UsegOy. The enlarged set of experiments {eg| E C £}
shall be denoted by cl(€), and this notation shall become clear in a moment. If we introduce Og =
UseeOy, then Og¢ is the outcome set of the experiment eg, and the outcome set of any experiment
eg € cl(€) is contained in Og. To distinguish we shall call the original experiments f € £ primitive’
experiments, and the newly introduced experiments 'union’ experiments.

What is interesting to note is the fact that a certain structure presents itself naturally in relation
with the enlarged set of experiments; it is the structure of a ’closure’. Let us give some definitions:

Definition 3 Consider a set X. We say that cl is a closure iff, for K, L C X, we have:

K C d(K) (5)
KCcL=d(K)cCcdL) (6)
cd(cd(K)) = c(K) (7)
c(@) =0 (8)

A set X with a closure ¢l satisfying (5), (6), (7) and (8) shall be called a ’closure-structure’.

Definition 4 Suppose that we have an entity S, with a set of states ¥ and a set of experiments &.
If E C &, we define by cl(E) the collection of all ’union experiments’ constructed by means of the
experiments of E. Hence cl(E) ={ep | D C E}.

For some experiments e, f, g € £ we shall also denote the experiment eg. ¢ 43 by eU f Ug.

Theorem 2 We have Ueg, = ey, g,, and the operation cl defines a closure on the set £.

Proof: For an arbitrary subset E C £ we have E C cl(FE). Suppose that we consider E, D C &, such
that £ C D then cl(E) C cl(D). We have cl(cl(E)) = cl(E) for an arbitrary E. Clearly also cl() = 0.
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Definition 5 In the same way as we have introduced the eigenstate set corresponding to a set of
outcomes for a primitive experiment (definition 1) we can introduce the eigenstate set corresponding
to a set of outcomes of a general union experiment. Suppose that e is a union experiment and Og
its outcome set. For A C O we define eigr(A) to be the set of all states, such that when S is in one
of these states, the experiment eg gives with certainty an outcome in A. We denote the collection of
eigenstate sets eig.(P(O.)), corresponding to a primitive experiment e, by F., and the collection of
etgenstate sets corresponding to an experiment E by Fg.

Theorem 3 Suppose that eg is an experiment, Of its outcome set, and A C Op, and eigg(A) the
eigenstate-set corresponding to A. Then we can consider the sets A N O, and the corresponding
eigenstate sets eig.(ANO.). We have :

eigp(A) = Necpeige(AN O,) (9)

Proof : p € eigp(A) <= S being in state p, the experiment e gives with certainty an outcome in A
<= each primitive experiment e € F, S being in state p, gives with certainty an outcome in AN O,
< peeige(ANO,) foreach e € F <= p € Necpreige(ANO,).

This theorem shows that each eigenstate set is the set theoretical intersection of eigenstate sets cor-
responding to primitive experiments.

The structure of the property lattice as constructed in (:3:5:6) is that of a complete lattice. Since
the collection of eigenstate sets is connected to the property lattice by the Cartan map, this complete
lattice structure should be present in some way or another in the collection of eigenstate sets. By
means of the introduction of the 'union’ experiment, we can identify what is at the origin of the
completeness of the property lattice. To do this we have to reflect about the relation between the
outcome sets O, and Oy of different experiments e and f.

Definition 6. We call two experiments e, f € £ ‘distinguishable’ iff we can define O. and Oy in such
a way that O. N Of = 0.

Two experiments e and f are distinguishable if they can be distinguished from each other by means of
their outcomes. Experiments that we ’consciously’ perform on the entity S are always distinguishable,
because we can 'name’ the outcome corresponding to the given experiment (when a certain outcome
occurs with an experiment e, even if physically equivalent with the outcome of another experiment, we
can distinguish it if we know that we were performing the experiment e and not this other experiment,).
We want to introduce however this concept of ’distinguished experiments’ explicitly, because we shall
see in section 4 that when we consider the situation of ’hidden experiments’ it is a valuable concept.
Suppose that we consider a test o, consisting of performing the experiment e and giving the positive
answer 'yes’ if the outcome is in A, and a test af, consisting of performing the experiment f and

giving a positive answer ’yes’ if the outcome is in B. Piron has introduced in (3) the concept of

‘product test’, and if o tests whether the property a? is actual and a]]? tests whether the property

aj’? is actual, then af . a? tests whether both properties af and a? are actual. It is by requiring that

the collection of tests of the entity S contains all the product questions, that the lattice of properties
becomes a complete lattice. The product test is defined by means of the experiment e U f, and is
given by afﬁfB , consisting of performing the experiment eU f and giving a positive answer ’yes’ if the
outcome is in AU B. We remark that, although the product test can always be defined, it only tests
whether the two properties a2 and af are actual, if e and f are distinguishable experiments. Indeed,
suppose that e and f are not distinguishable, then O, N Oy # ), which means that there is at least
one outcome x’ = x?c € O. N Oy. Suppose that A does not contain this outcome while B does, then
it is possible that the entity S is in a state p such that e has as possible outcomes the set AU {z¢},
which is a state where a2 is not actual, and where f has as possible outcomes B. Then e U f has

e
as possible outcomes A U B, which means that in this state p the test anUfB gives with certainty a
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positive outcome. This shows that in this case of non distinguishable experiments, a?UUfB does not
test the actuality of both properties.

Theorem 4 Let us denote by F the collection of eigenstate sets of the experiment eg. If all the
experiments are distinguishable then Fg C F for E C £.

Proof: Consider an arbitrary element F' € Fg. Then there exists A C Og such that F' = eigg(A).
Consider A" = AU (UycgeO,), then we have eige(A’) = eigr(A), which shows that F' € F.

Corollary 1 When all the experiments are distinguishable then the collection of all eigenstate sets is
gwen by F.

From now on we shall consider the experiments e € £ to be ’distinguishable’ experiments, which
corresponds to the situation where we consciously can choose between the different experiments, and
in this way distinguish between the outcomes. Hence we have O. N Oy =0 for e, f € £.

Theorem 5 We have :
0,2 eF (10)

F,e F=nF,eF (11)

Proof : Suppose that F; € F V i, then there exists 4; C Og¢ such that F; = eige(A;) V i. We have
eige (A;) = Neegeige(A;NO,). From this follows that N; F; = N; Necg €ige(A;NOe) = Necg Nieige(A;N
Oe) = meegeige(miAi N Oe) = eigé‘(miAi)'

2.2 The eigen-closure structure.

In this section we shall introduce the closure structure that enables us to characterize the collection
of eigenstate sets F, and hence the property lattice £, for an arbitrary entity S.

Theorem 6 If X is a set equipped with a closure cl, and we define a subset F C X to be closed iff
cl(F) = F, then the family F of closed subsets of X satisfies :

beF.XeF (12)

F,e F=nF,eF (13)

This theorem shows that a closure structure generates a collection of closed subsets F that satisfy
(12) and (13). Since these properties are satisfied in the collection of eigenstate sets corresponding to
a general entity S (see theorem 5), we can wonder whether this collection of eigenstate sets can be
characterized by a closure structure. The following theorem shows that this is indeed the case.

Theorem 7 Suppose we have a set X and a family F of subsets of X that satisfy (12) and (13), and
for an arbitrary subset K C X we define cl(K) = NkcprerF, then cl is a closure and F is the set
of closed subsets of X defined by this closure.

Proof : Let K,L C X. Clearly K C cl(K). If K C L then cl(K) C cl(L). If F' € F then cl(F) = F.
Since cl(K) € F we have cl(cl(K)) = cl(K). This shows that ¢l is a closure. Consider a set K such
that cl(K) = K, then K = NgcrrerF, and hence K € F.

Theorem 7 and theorem 5 show that for an entity S, with a set of states X, the collection of eigenstate
sets F is the collection of closed subsets corresponding to a closure structure, and theorem 7 shows
us how to define this closure structure.



Definition 7 Let us consider an entity S, with a set of states X, and a set of experiments £. For an
arbitrary set of states K C X we define :

Cleig(K) = Nk crrerl (14)

where F is the collection of eigenstate sets, then cleiy is the closure that defines the closure structure
corresponding to this collection of eigenstate sets. We shall call it the eigen-closure structure of S.

To characterize more easily this eigen-closure structure cle;q of S we introduce the following definition:

Definition 8 Suppose we have a set X and F is the set of closed subsets corresponding to a closure
cl on X. We say that the collection B C F is a ’generating set’ for F iff for each subset F' € F we
have a family B; € B such that F = N; B;.

Theorem 8 Suppose we have a set X equipped with a closure cl and B is a generating set for the set
of closed subsets F. Then for an arbitrary subset K C X we have :

c(K) =NkgcB,BesB (15)

Proof : We know that cl(K) = NgcprerF. Because B is a generating set for F we have F' =
NrcB,esB. Hence cl(K) = Nxcr(NrcpB) = NkcB,BeBB.

Theorem 9 The collection of eigenstate sets corresponding to primitive erperiments UeceFe, 1S a
generating set for the eigen-closure structure of the entity S.

Theorem 6 also shows that a closure structure is a generalization of an ordinary topology. From this
we can understand why the concepts of closure that are well known in physics, e.g. the topological
closure of subsets of a phase-space in classical mechanics, and the linear closure of subsets of a vector
space in quantum mechanics, are both examples of closures.

We mentioned already that the property lattice £ of the entity S (as introduced in
isomorphic to the closure structure F of eigenstate sets of the entity S. The isomorphism is the
Cartan map u : £ — P(X), such that a2 < a}B & eige(A) C eigs(B), and p(A;ali) = Nyeige, (A;),
and M(Vz‘aé"’) = NUeige, (A cFFerE = cleig(Uieige, (4;)).

1,3,5,6) is

2.3 State-determination and atomicity: the Ty and T; topological separation axioms.

Suppose that the entity is in a state p. We can then consider the collection of all the eigenstate sets
that contain the state p, and we know then that also the intersection of all these eigenstate sets is an
eigenstate set, and that it is the eigen-closure of the singleton {p}. We’ll denote this set by s(p).

s(p) = cleig({r}) = NreF perF (16)

Suppose that A C Og such that eigs(A) = s(p). We have A = Ugee(AN O,), and since p € s(p), we
know that if the entity is in the state p, an experiment e € £ shall give with certainty an outcome in
the set AN O,. The set:

{ANO. |ec&} (17)

is the set of ’certain outcomes’ for an entity S in state p, and {a27% | e € £} is the set of "actual’
properties of the entity S. We know that we express the statement ’if S is in state p, then the
experiment e gives with certainty an outcome in A’ by means of ’p € eig.(A)’ or by means of the
statement 'the property a? is actual’. We can prove the following theorem:

Theorem 10 We have:
p€eigp(A) < s(p) Ceige(A) < ajp is actual (18)
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The foregoing theorem is in fact the reason that we can decide to represent the states of the entity
by the elements s(p), which is what is done in ref (1,3,5,6) " where a state is identified with the set of
all actual properties, and represented by the intersection of all these properties, which is the inverse
Cartan image of s(p). We come now to the point where we can find an unexpected connection
between the axioms of our physical theory, and some well known axioms of topology. Let us repeat
some definitions:

Definition 9 Suppose that we have a set X with a closure ¢l and a collection of closed subsets F.
We say that the closure structure defined in this way has the Ty-separation property iff for z,y € X
we have x # y implies cl(z) # cl(y). We say that the closure structure has the Ty separation property
iff for x € X we have {z} € F.

That the state of an entity is determined by the collection of actual properties is equivalent with
the fact that the eigen-closure structure has the T separation property. Let us express this in the
following axiom:

Axiom of state determination (Ty). We say that for an entity S, with set of states & and set of
experiments £, the axiom of ’state determination’ is satisfied iff s(p) determines p, which means that

for p # ¢ we have s(p) # 5(g)-

Theorem 11 For an entity S, the axiom of state determination is satisfied iff the eigen-closure
structure satisfies the Ty separation property.

Let us think again of the quantum case where F(¥) is the collection of eigenstate-sets. If we consider
a state ¢ of the quantum entity we can wonder what is s(¢) = cleig({9}).

Theorem 12 Suppose that we have a quantum entity and @p € Xy, is an arbitrary state of this
quantum entity, then we have :

s(1) = cleig({tp}) = {thp} (19)

Proof : Since cleig({¥p}) € F(I3) there is an orthogonal projection Proj such that Proj(i) = 1q
iff g € cleig({¢p}). From (16) follows that this orthogonal projector is the smallest one with this
property, and this proves that Proj = Projy , where Proj; is the orthogonal projector on the ray

. From this follows that cle;s({¢p}) = {0}

The foregoing theorem shows that for a quantum entity, the axiom of state determination is satisfied.
But more, we see that cleig({p}) = {p}. This extra property, which leads to atomicity of the property
lattice, is equivalent to the T; separation property of topology.

Axiom of atomicity (T;1). We say that for an entity S, with set of states X and set of experiments
&, the aziom of atomicity is satisfied iff for each p € ¥ we have cleig({p}) = {p}.

Theorem 13 For an entity S, the axiom of atomicity is satisfied iff the eigen-closure structure satisfies
the Ty separation property.

2.4 The ortho-closure structure.

Entities that satisfy the ’axiom of state determination’, and hence have a property lattice correspond-
ing to a closure structure satisfying the T separation property, and the ’axiom of atomicity’, and hence
having a property lattice corresponding to a closure structure satisfying the T; separation property,
satisfy already some of the axioms needed for the representation theorem of Piron (ref 7). They
have a property lattice full of atoms. The next axioms should lead to an orthocomplementation on
the property lattice. By means of the closure structure we can approach the problem of the orthocom-
plementation in a very general way. The reason is that the orthogonality relation that is introduced
in ref (%) gives rise to another closure structure. For an entity described by quantum mechanics the
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two closure structures are identical. Two states @p and ﬁq of a quantum entity are orthogonal iff
< p| g >= 0. This defines an orthogonality relation on the set of states Xy of the quantum entity.
The collection of eigenstate sets F(X4) corresponding to the quantum entity is a closure structure,
but also the orthogonality relation makes it possible to identify the same closure structure. Indeed,
if we consider an arbitrary set K of states of the quantum entity, and we define K to be the set of
states orthogonal to each state of K, then K+ = Fyroj for some orthogonal projector of H. Moreover
for each Fj,,; € F(X#) we can find a set K C 3, such that KL= proj-

As we have done for the eigenstate sets of a general physical entity, we now want to investigate
in which way we can construct for a general physical entity a closure structure by means of an
orthogonality relation. Let us first introduce the necessary definitions.

Definition 10 For two states p and q of an entity S we say that p is orthogonal to q, and we denote
p L q, iff there exists an experiment e € £ and subsets A, B C O,, such that ANB = () and p € eig.(A)
and q € eig.(B). For two sets K,L C X we say that K L L iff for each p € K and q € L we have

plgq.

Theorem 14 For two states p and q of an entity S we have:

plqg & s(p)Ls(q) (19)

Clearly this orthogonality relation satisfies the following properties. For p,q € ¥ we have:

pLp (20)

plg=qlp (21)
which means that it is an antireflexive and symmetric relation. Let us put forward the well known
procedure to construct a closure structure with this relation.

Theorem 15 Consider the set of states ¥ equipped with the orthogonality relation L, and let us define
for K C ¥ the set K+ ={p| p L q,q € K}, and clopen(K) = (K+)*, then clopn is a closure.
Proof: see (8.

Theorem 16 Let us denote the collection of all ortho-closed subsets by Foren, then it can easily be
shown that this closure structure is orthocomplemented, which means that the map ~ : Foren — Forth
satisfies:

KcL=L"CK* (22)
K=K (23)
KNK* =10 (24)

Corollary 2 The following formulas are satisfied in Forep, for Fy € Forin:

(NiF)* = clopn (Ui F) (25)
(UiF‘i)l = ﬁiFil (26)
Clorin(FUFY) =% (27)

Proof: (1) clopin(U;FY) C F & U Ff CF & FFCFVie FXCF Vie FtCcnF &
(N;F;)+ C F. From this follows that cloqn(U;FiY) = (M Fy)t. 2) FCnNFr & F, C FtVis
U;F; C Ft e Clorth(UiFi) C Ft & F C (U,LFZ)J‘ From this follows that (UZFZ)J' = ﬂiFiJ-. (3)
lopin(FUFY) = (F-NnF)t =p+ =%



The ortho-closure has a simple generating set of elements.
Theorem 17 The set B = {{p}*| p € B} is a generating set for the set of ortho-closed subsets Fopip.-

Proof: Consider an arbitrary element F' € F,..;,. We have F+ = Upers{p}, and hence F' = F L=
mpeFi {p}L .

We are now in a position to formulate the axioms that make the property lattice into an orthocom-
plemented lattice. In general, as we show explicitly by means of examples in (), the ortho-closure
structure is different from the eigen-closure structure. They coincide for the quantum and the classical
case, and we want to formulate now some axioms that make them coincide.

Axiom ortho 1. If S is an entity, X its set of states and £ its set of experiments, we say that axiom
ortho 1 is satisfied iff for e € £ and A C O, we have that p L eig.(A) implies p € eig.(A%).

Theorem 18 If aziom ortho 1 is satisfied for an entity S, then Feig C Forth.

Proof: Suppose that axiom ortho 1 is satisfied, and consider eig.(A). We have eig.(A)* = eig.(A%),
and as a consequence eig.(A)*+ = eig.(A°)+ = eig.(A). This shows that eig.(A) € Fopp,. Because
{eige(A) | e € £,A C O} is a generating set for Fe;q, we have Feig C Foren.

Axiom ortho 2. If S is an entity, 3 its set of states and & its set of experiments, we say that ’axiom
ortho 2’ is satisfied iff for each state p € ¥ we have that {p}* € Feiy.

Theorem 19 If ’axiom ortho 2’ is satisfied for an entity S, then Forin C Feig-

Proof: Since {p}+ € Feig, and because {{p}* | p € X} is a generating set for F,.¢;, we have F,.¢, C
Feig-

Corollary 3 If aziom ortho 1 and aziom ortho 2 are satisfied, the two closure structures, cle;g and

clorth are equal, and Feig = Foren 18 orthocomplemented.

An entity satisfying the axiom of state determination and atomicity and the axioms ortho 1 and ortho
2, has a complete orthocomplemented atomic property lattice. We analyze in ref (9 the way in which
we have introduced an orthocomplementation on the property lattice in a more detailed way.

2.5 Classical entities.

We want to put forward a characterization of classical entities in this approach, and therefore introduce
the following definition:

Definition 11 We say that an experiment e € £ is a ’classical’ experiment iff for every state p € 3
the experiment e gives with certainty an outcome x, € O,.

Let us remark that if e and f are classical experiments of the entity S, then e U f is in general not a
classical experiment.

Definition 12 We say that an entity S is a classical entity iff each experiment e € £ is a classical
experiment.

Theorem 20 Suppose that the axiom of state determination and axiom ortho 1 is satisfied, then we
have: S is a classical entity iff two different states of S are always orthogonal.

Proof: Let us suppose that S is a classical entity and consider two states p,q € X such that p # q.
Since the axiom of state determination is satisfied we have s(p) # s(¢). This means that s(p) ¢ s(q)
or s(q) ¢ s(p). Let us suppose that s(p) ¢ s(q). Consider A C Og such that s(q) = eigs(A). This
means that when the entity S is in state g, each experiment e € £ gives an outcome in A. Let us
suppose that the entity S is in state p. Then there is at least one experiment f € £ that gives an
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outcome in A®, because if this would not be the case we would have s(p) C s(q). Since f is a classical
experiment, we have p € eigf(Ac). We also have ¢ € eigs(A), which shows that p L q.

Let us now prove the inverse implication. Suppose that S is an entity such that all different states are
orthogonal. We have to show that S is a classical entity. Consider e € £ and A C O.. If p ¢ eig.(A)
we have that p # ¢ for all ¢ € eig.(A). This implies that p L g for all ¢ € eig.(A). Since axiom ortho
1 is satisfied this implies p € eig.(A®). So we have shown that for an arbitrary e € £ and an arbitrary
p € ¥ we have p € eig.(A) or p € eig.(A®). Let us show that this implies that every experiment
e € & is a classical experiment. Consider e € £, and suppose that ¢ is a possible outcome of e when
S is in state p. Then, since p is not contained in eig.({z%}“), we have p € eig.({xi}).

2.6 Weak modularity and the covering law.

We know that the lattice of closed subspaces satisfies two more properties, it is weakly modular, and
satisfies the covering law. These are the two properties that are necessary for Piron’s representation
theorem (ref (37)).

Axiom of weak modularity. If S is an entity with set of states ¥ and set of experiments &,
and F,G € Feig such that F C G, then it is possible to find a H € Feig such that H L F and
ceig(FUH) =G.

Axiom of the covering law. If S is an entity with set of states ¥ and set of experiments £, and
F € Feig, and p € X such that p ¢ F', then cle;ig(F U {p}) covers F, which means that if G € Feiq
such that F C G C cleig(F U {p}), we have F' = G or G = cleig(F U {p}).

The axioms that we have formulated (a. state determination, b. atomicity, c¢. ortho 1 and ortho 2, d.
weak modularity, e. covering law) are satisfied in quantum mechanics and also in classical mechanics.
By a celebrated representation theorem of Piron (37)| also the inverse is in a certain sense true. These
five axioms force our formalism to be equivalent to quantum mechanics with superselection rules. If
there are no superselection rules we get ordinary quantum mechanics in one Hilbert space, and if
all states are separated by a superselection rule we get classical mechanics. This situation has been
analyzed in detail and we refer the reader to ref (1:3:5:6.7),

3 Separated entities.

Let us put forward the situation that we want to describe. We suppose that we have an entity
S consisting of two entities S; and S3. The entity S has a set of states X, a set of distinguishable
experiments &, and a set of probabilities { P(e = 2% | p) | e € £,2% € O.,p € £}, and the entities S; and
S have respectively sets of states 31 and 3o, sets of distinguishable experiments £ and &, and sets
of probabilities {P(e; = a% | p1)|e1 € &, al, € Ocy,p1 € B1}, and {Plez =2l | pa2) | ez € Er,28, €
Oe,,p2 € o} . The outcomes of experiments e € £, e; € £; and ey € &, are respectively denoted by
O = {zl, a2, ..,ak, . al}, Op = {al 22, .. 2l ,..,20} and O, = {al 22 ,..,2i ,..,am}. We
also introduce respectively for £ C &£, By C & and Ey C & the experiments eg, eg, and eg,, as
explained in section 2, with outcome sets O = Uec O, O, = Ue, e, Oe, and Og, = Ue,c g, O, -

We want to express now that S; and So are ’separated’ entities, and that S ’just’ consists of these two
entities S7 and So. We do this by requiring that the collection of experiments £ of the entity S consists
of experiments e; X e, where e; is an experiment of S7 and es is an experiment of S5. The experiment
e1 X eg is the experiment that consists of performing the experiments e; and es together, so it has an
outcome set O, X O.,. We have to explain now what we mean by ’separated’ entities. Suppose that
we consider an experiment e; of the entity S;. Then we can perform this experiment alone, without
doing anything on entity S3, or we can perform the experiment together with an experiment es on Ss,
and then in fact we are performing the experiment e; X es. Suppose that we consider a well defined
situation of reality, hence a state of the entity S, then it should be so that the outcomes that we
can obtain for the experiment e, the entity S being in this state, do not depend on what we do on
entity So (whether we perform the experiment es or not, or whether we perform any arbitrary other
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experiment fy on So). This is the idea of ’separation’ that we want to put forward: the results of an
experiment on one of the entities is not influenced by what is done on the other entity.

Let us remark that this is the same idea of separation that was put forward by Einstein, Podolsky
and Rosen, and let us also remark that it is a very weak requirement. When two entities S; and S; are
separated (in the sense that we have introduced), this does not mean that there are no interactions
between S; and Sy (this is clearly not well understood, because often the concept of ’separation’ is
confused with 'no interaction’). If we think of examples of two entities in macroscopic reality, then,
although interaction exists between them, they are in general separated. Two material bodies By and
B, that move in space under influence of the gravitation force between them constitute a compound
entity B consisting of ’'separated’ entities B; and B,. Indeed, the outcomes of an experiment e
performed on B; do not depend on what kind of experiment es is performed on Bs. This shows that
the vast majority of 'two entity’ situations considered in ordinary classical physics are situations of
‘separated’ entities. Let us now introduce these notions in a formal way.

Definition 13 We say that two experiments ey and ez, with outcome sets O., and O.,, that can
be performed together, and this experiment is denoted e; X ez, and has outcome set O, X O.,, are
’separated’ experiments iff:

%

(wf,,x],) is a possible outcome of e; x ez & @7,

outcome of ey

is a possible outcome of e; and Tl isa possible

The entity S, with set of states X and set of experiments £, is said to consist of the two separated
entities S1 and So, with sets of states Y1 and %o and sets of experiments £, and &, iff:

e1 and ey are separated experiments for all e; € & and ex € & and € = {e; X ey | €1 € E1,e0 € E}

We remark that this definition of the separation of experiments is very weak. In fact we could also
express this idea of separation by means of the probabilities by requiring that:

Pley x eg = (al,,21,) | p) = Pler =i, | p)- Plea =i, | p)

ey’

This requirement on the probabilities implies that the experiments are separated in the weak sense,
as in definition 13. We want to work with definition 13 and show that this is sufficient to derive the
closure structure of the entity .S. When we study the probability structure of the separated entities,
we shall use the requirement on the probabilities.

3.1 The eigen-closure structure.

We can now proceed by constructing the eigen-closure structure (and hence the property lattice) of
the entity S consisting of the two separated entities S; and So. We’ll denote by F the collection of
all eigen-closed subsets of ¥ corresponding to the experiments £, and by JF; and F; the collection of
eigen-closed subsets of respectively 31 and Yo corresponding to the experiments £ and . We know
that F represents the property lattice of S, and F; and F» represent the property lattices of S; and
So.

Let us consider By C & and Ey C &, and the experiment eg, X eg, as the experiment that
consists of performing both experiments eg, and eg, together. Clearly if each e; € E; is separated
from es € Es, also eg, is separated from eg,, and moreover we have eg, xg, = €g, X €g,.

Theorem 21 We have the following equivalences:

S is in a state of eigg, x g, (41 X A3)

& ep, x B, glves with certainty a outcome in A; X Ao

& ep, gives with certainty an outcome in A; and eg, gives with certainty an outcome in As
< S is in a state of eigg, (A1) and Ss is in a state of eigp, (Aa).

Proof: A direct consequence of the definition of separated experiments.
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It is interesting to remark that we can find back the elements of the closure structures F; and Fy
of S1 and Sy as subsets of 3. If we consider again the foregoing theorem we can proof the following
theorem:

Theorem 22 For Fy € Fi, such that Fy = eigg, (A1), and Fy € Fa, such that Fy = eigg,(A2), we
define a map vy : Fy — F such that v1(Fy) = eige(A1 X Og,), and a map vy : Fo — F such that
vo(Fy) = eige(Og, x A2). The maps vy and vo are injective morphisms between the closure structures,
and we have for F1 € F1 and Fy € Fy :

S is in a state p € v1(F1) & 51 is in a state p; € Fy (28)
S is in a state p € vo(Fy) < Ss is in a state py € Fy (29)

Proof: Consider F} € F; such that F} = eigg, (A}), then N;eige, (AY) = eige, (N;AY). We have
v (MiFY) = vi(eige, (N;AY)) = eige(N; Al x Og,) = eige(Ni(AL X Og,)) = Nieige (Al x Og,) = Ny (FY).
We have v1(31) = v1(eige, (Og,)) = €ige(Og, x Og,) = X, and v1(0) = vy (eige, (1)) = eige (D X Og,) =
(). Suppose that v4(F1) = v1(G1), and hence eige (A1 x Og,) = eige (B1 X Og, ). From this follows that
eige, (A1) = eige, (B1) and hence Fy = G, which shows that vy is an injective map. In an analogous
way we show that vs is an injective morphism. We consider F; € Fp, such that F; = eigg, (41), and
suppose that p € v;(F}), which means that p € eige(A1 X Og,). Then p € eigg, xe, (A1 X Og,) which
means that if S is in p the experiment eg, gives with certainty an outcome in A;. If S is in state pq,
then we can conclude that py € eigg, (A1) = F7.

Corollary 4 S is in a state of v4(F1) Nva(Fa) < S is in a state of Fy and S is in a state of Fy.

We now want to investigate the structure of F and try to characterize it in function of the closure
structures F; and Fs.

Theorem 23 Suppose that {(xgl 733%2)’ (x%l,ijz2), e (x%l,mg;), ...} 1s a collection of possible out-

comes, for the experiment eg, X eg,, with By and Ey separated, the entity S being in a state p, then
all the outcomes of the set A1 x Ay where:

Ay ={aly, | i€ {in iz, i, . }} (30)

AQ = {.’EJE2 | j S {jl,jg, ...,jk, }} (31)
are possible outcomes of the experiment eg, X eg,.

Proof: If the elements of {(ﬂz:lbl1 ,xJ;Elz), (xibzl,w%z), oy (x%’l,xg“z), ...} are possible outcomes of the ex-
periment eg, X eg,, then, since ep, and eg, are separated experiments, we know that {z% [ i €
{i1, i, ... ik, ...} } = Aj are possible outcomes of the experiment e, and {27, | j € {j1,J2, ., Jk, - }} =

As are possible outcomes of the experiment eg,. Then follows, again because eg, and e, are separated
experiments, that all elements of A; x Ay are possible outcomes of e, X eg,.
By means of this theorem we can characterize a general property of the entity S in function of
properties of S; and S;. Some elements of F are easy to characterize in function of elements of F;
and JF», as shows the next theorem.
Theorem 24 If A; C Og, and Ay C Og,, then:

eige (A1 x Az) = v1(eigp, (A1) Nva(eigr, (A2)) (32)
where E = E1 X Es.
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Proof: Consider p € eigg(A; x Ag). Suppose that the entity S is in state p, and we perform the
experiment eg, then the outcome is with certainty an element of A; x As. From theorem 21 we know
that e = e, Xeg,, and that eg, and eg, are separated. This means that if we perform the experiment
e, , the entity being in the same state p, the outcome is with certainty in A;, and if we perform the
experiment eg,, the entity being in state p, the outcome is with certainty in As. This means that p €
vi(eigp, (A1))Nva(eigr, (Az2)). So we have shown that eigg (A x Az) C v1(eigr, (A1))Ne(eigs, (As2)).
The other inclusion is proven in an analogous way, again making use of the fact that eg, and eg, are
separated experiments.

This theorem allows us to characterize easily the elements of F that are connected with product sets
Ay x As C Og¢ of outcomes. This is however but a small number of all the elements of 7. We shall try
now to find a characterization of a general element of F. This is certainly not straightforward, but
making use very explicitly of the separation of the two entities we can proof the following theorem:

Theorem 25 Consider a general element F' € F, then we know that this is equal to eigs(A) for some
A C Og. Let {A% x A% | i € I} be the collection of product sets, such that each A% x Ay C A, and
A% C Og, and A C Og,, hence A = U; (A} x Ab). We then have:

eige(A) = Useigs (A% x AY) (33)

Proof: Clearly Ujeige(Aj x Ab) C eige(A). Consider p € eige(A). Suppose that the entity S
is in state p, and let {(2%, ,z7%,), (23 ,25,), - (¥5,,75,), ..} be the set of possible outcomes for
the experiment eg. Then obviously {(xzbi1 ,xﬁ), (x%l,xgz), s (x%l,xil;), ...} € A. From theorem
23 follows that all outcomes of the set A; x Ay are possible outcomes if S is in state p, where
Ay = {afy, | i € {ir,ig,.yip, ..} } and Ay = {a | j € {j1,J2, -, Jk, .} }. From this follows that
p € eige (A1 x Ay). Since all elements of A; x Ay are possible outcomes, we must have A; x Ay C A,
because if this would not be the case, there would be an outcome outside A possible, which would
mean that p ¢ eige(A). From this follows that p € U;(A% x A}). Since we made this reasoning for an
arbitrary p € eige(A) it follows that eige (A) C Useige (A x Ab).

Corollary 5 From theorem 24 and theorem 25 follows that an arbitrary element F € F can always
be written as follows: ‘ ‘
F = Ui(n1 (F}) N va(F5)) (34)

where Fy € Fy and Fj € F».

We can calculate some examples for some specific forms of A.
Theorem 26 For Ay, By € Og,, A2, Bs € Og, we have:
eigs (Al X 052 @] Ogl X Ag) = eigg(Al X Ogl) @] eigg(Ogl X AQ) (35)

eigs (Al x AyUBy XBQ) = eigg(Al NB; XAQUBQ)Ue’igg(Al XAQ)Ueigg(Bl XBQ)Ueigg(Al UB; XAQQBQ)
(36)

Proof: We note that from Cy x Cy C A; X Og, U Og, x Ay follows that C; x Co C Ay x Og, or
C1 x Cy C Og, x Ag. This means that the only C; x Cs such that C; x Cy C A1 x Og, U Og, X Ag
are C7 X C5 that are contained in A; X Oy or in O7 X As. Using the general result of theorem 25 we
conclude that eigs(A; X Og, U Og, x Ag) = eige(A1 X Og,) Ueige(Og, x As). To derive the second
equality we have to look for the elements C; x Cy that are contained in A; x Ay U By x By. Here
we can have C7 x Cy that are contained in A; X Ay U By X By, but are not contained in A; x As
and not in By X Bs. For example A1 N By X Ay U By and Ay U By X As N By, It is easy to prove
that if C; x Cy € A1 X Ao U By X By, then C7 x Co C A1 N By X AyU By or C; x Cy C Ay X Ag or
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C1 xCy C By xByor Cy; xCy C A UB; x Ay N By, This proves that eigg(Al x Ay U By X BQ) =
eige (A1 N By X Ay U Bg) Ueige(Ay x A2> @] eigg(Bl X BQ) @] eigg(Al UB; x AN BQ).

3.2 The set of states and the orthogonality relation.

We shall now proceed by characterizing the set of states X of the entity S in function of the sets of
states 31 and X, of the entities S; and S5. As we have defined in section 2, for an arbitrary state
p € X, we introduce s(p) = Npep rerF, s(p1) = Npem mer F1 and s(p2) = Np,er, mer, Fa. We
also introduce s1(p) = Npey, (7)), Fer V1(F1) and s2(p) = Npev, (1), e V2 (F2). Let us see in which
way s(p), s(p1), s(p2), s1(p) and s(p) are related.

Theorem 27 Forp € 3, p1 € X1 and ps € Yo we have:
s1(p) = vi(s(p1)) (37)
s2(p) = v2(s(p2)) (38)

Proof: We have vi(s(p1)) = vi(Np,er, F1) = v1(Mpew, (7)) F1) = Npew, (7)V1(F1) = s1(p), and in an
analogous way we show that so(p) = v2(s(p2)).

We have now sufficient material to show in the next theorem that a state of S must essentially be a
product of a state of S; and a state of Ss.

Theorem 28 For any arbitrary state p of S we have:
s(p) = s1(p) N s2(p) (39)

Proof: We clearly have s(p) C s1(p) N s2(p), so let us proof that also the other inclusion holds. Since
s(p) € F, we know that there exists A C Og such that s(p) = eige(A), and also that eige(A) =
Useige (A] x AY), with A% x AY C A. We have p € s(p) and hence p € U,eige(A} x A3). This
means that there is one k such that p € eige(AY x A%), but then s(p) C eige(A% x A%). On the
other hand, since A% x AY C A we have eige(A¥ x AK) C eige(A) = s(p). This shows that s(p) =
eige (A} x A) = eige (A} x Og,) Neige, (Og, x A5). Since p € eige(Af x Og,), and p € eige (O, x Af)
we have s1(p) C eige(A¥ x Og,) and sa2(p) C eige(Og, x AL), which implies that s;(p) N sa(p) C
eige (A7 x Og,) Neige(Og, x A5) = s(p).

Let us now investigate the orthogonality relations. We want to show that the morphisms v; and s
also conserve the orthogonality relations. We first remark again that for each of the entities S, S; and
Sy, and p,q € X, p1,q1 € X1 and ps, g2 € Yo we have:

plqg = s(p)Ls(g) (40)
plig & s(p) Lis(a) (41)
p2lige & s(p2) L2 s(qe) (42)

Theorem 29 Consider p1,q1 € ¥1 and pa,q2 € ¥o, we have:
Pl g = ni(s(pr)) L(s(ar)) (43)
p2 L2 g2 = va(s(p2)) L va(s(q2)) (44)

Proof: Suppose that p; L1 ¢;. This means that we have sets Ay, By C Og, such that Ay N B; =0
and s(p1) C eige, (A1) and s(q1) C eigg, (B1). From this follows that v4(s(p1)) C eige(A1 X Og,)
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and v1(s(q1)) C eige(B1 x Og,), and A1 X Og, N By X Og, = 0. This shows that v1(s(p1)) L
v1(s(q1)). Suppose now that v1(s(p1)) L v1(s(g1)). Then there exists A1 x Og, and By x Og, such
that A; X Og, N By X Og, = 0, and v1(s(p1)) C eige (A1 X Og,) and v1(s(q1)) C eige(B1 x Og,). From
this follows that s(p1) C eige, (A1) and s(q1) C eige, (B1), and A1 N By = (). This shows that p; Lg ¢1.
In an analogous way we prove that py L g9 iff we have vo(s(p2)) L va(s(g2)).

Theorem 30 We have:
plg & prlig ‘o' prloge (45)

Proof: Suppose that p; L1 g1 then v (s(p1)) L v1(s(¢q1)). Taking into account that s(p) = v1(s(p1)) N
v2(s(p2)) and s(q) = v1(s(q1)) N v2(s(qz)), it follows that s(p) L s(¢), and hence p L ¢. In an
analogous way show that if po 1o g9 it follows that p L ¢. The other side of the implication is
harder to proof. Suppose that p L ¢, then there exists an experiment e; X es and sets A, B C O,
such that AN B = (), and such that s(p) C €ige, xe, (A) and s(¢) C €ige, xe, (B). We know that
€igey xes (A) = Ui€ige, xe, (Al x AY), where for all i we have A} x A5 C A. In the same way we have
€ige; xes (B) = Uj€ige, xe, (B] X B}), where for all j we have B] x B} C B. Hence there exists a k
and a [ such that s(p) C €ige, xe, (A} x A%) and s(q) C €ige, xe, (B! x BL). From this follows that
v1(s(p1)) Nva(s(p2)) C €ige, xe, (A x AE) and v1(s(q1)) Nva(s(gz)) C €ige, xe, (BY x B), and hence
that s(p1) C eige, (A¥), s(p2) C eige,(A5), s(q1) C eige, (BY) and s(g2) C eige,(BS). Since AN B =)
and A¥ x AY C A and B! x B} C B, we have that A} x A5 N B! x B} = (), and from this follows that
Ak Bl =0 or A5 N BY = 0. So we have proven that p; L; g, or py Lo qo.

3.3 The axioms and the entity consisting of separated entities.

We want to investigate now the different axioms that are satisfied for a quantum situation, and see
which ones are satisfied and which ones are not for the description of the entity consisting of two
separated entities. We’ll suppose the ’state determination axiom’ to be satisfied for all three entities.
Hence for p,q € 3, p1,q1 € X1 and ps, g2 € Yo, we have:

s(p)=s(e) = p=gq (46)
s(p1) =s(q1) = pi=aq (47)
s(p2) =s(q2) = DpP2=q (48)

Theorem 31 The axiom of atomicity is satisfied for the entity S iff it is satisfied for the entity Si
and for the entity Ss.

Proof: Suppose that the axiom of atomicity is satisfied for S; and for Ss. Consider s(p) for some state
p € X, and ¢ € s(p). Then we have s(q) C s(p), and hence v1(s(q1)) N2(s(g2)) C vi(s(p1))Na(s(p2)).
From this follows that s(q1) C s(p1) and s(g2) C s(p2). Since the axiom of atomicity is satisfied for
Sy and Sy, we have {1} C {p1} and {g2} C {p2}, which gives ¢ = p; and ¢ = p. From this
follows that v1(s(q1)) = v1(s(p1)) and va(s(g2)) = va(s(p2)), which implies that s(¢) = s(p). Since
the axiom of state determination is satisfied we have p = ¢. As a consequence we have proven that
s(p) = {p}, and hence the axiom of atomicity is satisfied for the entity S. Suppose now that the
axiom is satisfied for the entity S. Consider p; € ¥;. We want to show that s(p;) = {p1}. Consider
q1 € s(p1) then s(q1) C s(p1) and v1(s(q1)) C vi(s(p1)). Consider an arbitrary state p; € ¥5. Then
v1(s(q1)) Nwa(s(p2)) C vi(s(p1)) Nva(s(p2)), which implies that s(¢) = s(p). But since the axiom
of atomicity is satisfied for S, we have {q} C {p}, and hence ¢ = p. But then s(q) = s(p) which
makes that v1(s(q1)) Nre(s(p2)) = v1(s(p1)) Nre(s(p2)), and hence v (s(q1)) = v1(s(p1)). This gives
s(q1) = s(p1), and since the axiom of state determination is satisfied we have ¢g; = p;. From this
result follows that s(p1) = {p1}. In this way we have proven that the axiom of atomicity is satisfied
for S7. In an analogous way we can show that the axiom of atomicity is satisfied for the entity So.
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Theorem 32 The axiom ortho 1 is satisfied for the entity S iff it is satisfied for the entities S1 and
Ss.

Proof: Suppose that axiom ortho 1 is satisfied for S; and for S;. We want to proof that axiom
ortho 1 is satisfied for S. Consider the entity S to be in state p such that p L eige, xe,(A). We
have to prove that this is equivalent to p € €ige, xe, (AY). As we know from the foregoing, we shall
use the fact that we can write A = U;(A% x Ab) for A x AL C A. Let us calculate AY. We have
AC = M;(A% x ALY =N;(A° x O, U O, x AXC). Let us consider the following equivalences:
pLeigexe(4)

S p L Ujeige, xes (All x Ab) ‘

< p L vy(eige, (AY)) Nua(eige, (AY)) for all ¢

& p1 Ly eige, (A}) or py Ly eige, (AY) for all i

& py € eige, (ALC) or py € eige, (AXC) for all 4.

S v1(8(p1)) C €ige, xes (AIC X Op,) or v2(5(p2)) C €ige, xen (Oe, x AL for all i

& v1(8(p1)) Na(s(p2)) C €ige, xey (A€ X O,,) or v1(s(p1)) Nva(s(p2)) C €ige, xcey (Oe, x AKX for all i
& v1(s(p1)) Nra(s(p2)) C €igeysey (AL X Ocy) U €ige, xen (Oe, x AX) for all i

And V1(8(p1)) N V2(8<p2)> C ﬂi(eigm Xeo (Azlc X Oez) U eigm Xeo (061 X Aéc))

& p € Ni(€ige, xey (ALY X O, UO,, x AL

& P E €ige, xe, Ni (A€ X O, UO,, x AK)

& P € €ige; xes (AC)

Suppose now that axiom ortho 1 is satisfied for S. Let us show that it is also satisfied for S; and Ss.
We have p; L1 €ige, (A1) = p L €ige,xe, (A1 X Oc,) € P € €igeyxer (A X Oc,) & p1 € €ige, (AT). In
an analogous way we show that axiom ortho 1 is satisfied for Ss.

Theorem 33 The axiom ortho 2 is satisfied for the entity S iff it is satisfied for the entities S1 and
Ss.

Proof: Suppose that the axiom ortho 2 is satisfied for S; and S;. This means that for p; € ¥; and
p2 € Yo we have {p1}*! € F; and {p2}12 € F». Consider p € 3. We must show that {p}+ € F.
Let us first try to show that {p}+ = v1({p1}*!) Ura({p2}+2). Consider ¢ € {p}+ such that s(q) =
v1(s(q1)) Nwa(s(gz)). We have:

gef{p}t e q Lip or ¢ Laps

< s(q1) C {p1}™ or s(q2) C {p2}*2

S u(s(@)) Cn({p}t) or va(s(gz)) C vo({p2}+2)

& s(q) Cvi({p}) U ({p2}2)

& g en({pi}) Ura({p2}*2)

We have also {p; }*! = eige, (A1) for some A; C Og,, and {p2}12 = eige, (Az) for some Ay C Og,. Let
us then consider A = A; X Og, UO¢, x As. Then we have eige (A) = eigs(A1 X Og,)Ueige(Og, X Ag) =
vi({p1}+1) Ura({p2}*2) = {p}*+. This shows that {p}+ € F.

Suppose now that S satisfies the axiom ortho 2. Let us show that then S; and Ss satisfy this axiom.
For an arbitrary p; € ¥; we have, because axiom ortho 2 is satisfied for S, that (v(s(p1)))* € F.
This means that (v1(s(p1)))t = eige(A) for some experiment eg and some outcome set A. We also
have ¢ € (v1(s(p1))*) & s(g) C (i(s(p1))*) & vils(a)) Nra(s(az)) L vi(s(p)) & vi(s(ar)) L
vi(s(p1)) © q1 L1 p1 & q1 € {p1}**. Consider now an arbitrary outcome zg, € Og,, and a state p,
such that when Sy is in py the outcome x¢, is a possible outcome for the experiment eg, xg,. We have:
e gives with certainty an outcome in A iff the state ¢; € {p;}**. Hence we can always consider S,
to be in the state pa, and then z¢, is a possible outcome. This shows that A = A; x Og,. And then
q1 € eige, (A1) iff @1 € {p1}1*, which shows that {p;}* € F;. In an analogous way we can show that
Sy satisfies axiom ortho 2.

3.4 Quantum mechanics and separated entities.

We shall show now that the property lattice of the entity consisting of two separated entities does not
satisfy the axiom of weak modularity and does not satisfy the axiom of the covering law if both entities
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are non-classical entities. To proof this theorem we use the characterization of classical entities of 2.5
of section 1, and introduce the concept of superselection rule. The idea is to call two elements of the
closure structure separated by a superselection rule if their union is an element of the closure structure.
This indeed means that the property corresponding to this union is actual iff one of the two properties
corresponding to the elements is actual. To say it in quantum mechanical language: between states
of elements that are separated by a superselection rule there do not exist 'superpositions’. Let us put
forward this definition and then prove an important property in weakly modular and covering law
satisfying structures.

Definition 14 If For two elements F,G € F we say that F and G are separated by a superselection
rule iff FUG € F.

Theorem 34 Suppose that the axiom of state determination, the axiom of atomicity, axiom ortho 1
and axiom ortho 2 are satisfied. If the axiom of weak modularity or’ the axiom of the covering law is
satisfied, and p,q are two states of S that are separated by a superselection rule, then p 1 q.

Proof: Suppose that p,q € ¥ such that cl.;;({p, q¢}) = {p, ¢}

1) Suppose that the axiom of weak modularity is satisfied. Consider cl[({p, ¢}N{q}*)U{q}]. From weak
modularity follows that c/[({p, ¢} N {g}") U {q}] = cl({p,q}). Hence cl[({p.q} N{q}") U{a}] = {p,q}-
Suppose that p [ g, then we also have {p.g} N {g}*+ = 0, and hence cl.;4[({p,q} N {g}) U {q}] = {q}.
This means that {¢} = {p, ¢}, and hence ¢ = p. This shows that when the axiom of weak modularity
is satisfied we have p 1L g of p = q.

2) Suppose now that the axiom of the covering law is satisfied. If p / q we have ({p, ¢}U{q})N{q}*+ =10
which gives that ¥ = [({p, ¢} U{q}) N {g}*]*+ = cl[({p}* N {q}*) U{q}]. Hence X covers {p}+ N {q}+.
But {p}* N {¢}t C {p}* C =. And then follows from the covering law that {p}* N {¢}*+ = {p}*,
which implies that {p}* = {¢}* and hence p = q. Again we have shown that when the covering law
is satisfied then the states p and ¢ are orthogonal or equal.

This last theorem shows that for entities where the axiom of weak modularity or the axiom of the
covering law are satisfied, only orthogonal states can be separated by a superselection rule. We’ll
show in the next theorem that for the case of an entity S consisting of two separated entities S; and
So it is easy to find states that are separated by a superselection rule and are not orthogonal. This is
what makes it impossible to describe this situation by quantum mechanics.

Theorem 35 Suppose that S is an entity consisting of two separated entities Sy and Sa, and suppose
that the axiom of state determination, the axiom of atomicity, axiom ortho 1 and axiom ortho 2 are
satisfied. If p1,q1 are two different states of Sy and pa, qo are two different states of Sa, then p and q,
where p = v1({p1}) Nva({p2}) and ¢ = vi({q1}) Nv2({g2}) which are states of S, are separated by a
superselection rule.

Proof: We have {p1} = eige, (A1), {a1} = eige,(B1), {p2} = eige,(A1) and {q2} = eige,(Ba).
Then we have {p} = eige(A1 x As) and {q} = eige(B1 x Bz). From theorem 26 we know that
€igg (Al XAQUBl X Bg) = €igg (A1 ﬂBl XAQUBQ)Ueigg (A1 XAQ)Ueigg (Bl XBQ)Ueigg (A1U31 XAQQBQ).
Since p; and ¢; are different states, and ps and go are different states, we have eige, (A1 N B1) = () and
eige,(A2NBg) = (. From this follows that eige (A1 N By x A2UBs) = ) and eigs (A1 UBy X AyNBy) = 0.
Hence eige (A1 X A2 U By X By) = eig€(Aq x A3)Ueige(B1 X Bz) = {p, q}. This shows that {p,q} € F
and p and q are separated by a superselection rules.

We can now finally prove our main theorem.

Theorem 36 Suppose that S is an entity consisting of two separated entities S1 and Sa, and the
aziom of state determination, the axiom of atomicity, axiom ortho 1, axiom ortho 2, are satisfied. If
the axiom of weak modularity or the axiom of the covering law is satisfied for S, then one of the two
entities S1 or Ss is a classical entity.
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Proof: Suppose that Sy is not a classical entity. From theorem 20 follows that in this case there
exists two different states po and g2 of So that are not orthogonal. Suppose that p; and ¢; are
arbitrary different states of S;. From theorem 35 follows that, if {p} = vi({p1}) N va({p2}) and
{¢} = vi({er}) Nv2({g2}), then p and ¢ are separated by a superselection rule. If now the axiom of
modularity, or the axiom of the covering law (one of the two is sufficient) is satisfied, then follows
from theorem 34 that p 1 ¢. From theorem 30 follows then that p; 11 ¢;. Hence we have shown that
two arbitrary different states of S; are orthogonal. Applying again theorem 20 we conclude that S;
is a classical entity.

From this theorem follows that whenever two entities S; and Sy have at least one non classical
experiment (as in the case for entities described by quantum mechanics), the property lattice of the
entity S consisting of the two separated entities S7 and Sy cannot satisfy the axiom of weak modularity
and cannot satisfy the axiom of the covering law. As a consequence such an entity cannot be described
by quantum mechanics, since quantum mechanics satisfies these axioms. And this is the reason that
one encounters paradoxical situations if one does describe such a situation by quantum mechanics.
The essential shortcoming that makes it impossible for quantum theory to describe separated entities,
is due to the fact that a theory satisfying the axioms of quantum mechanics cannot describe non
orthogonal states that are separated by a superselection rule. And an entity consisting of separated
quantum entities has such states.

Most of the paradoxes of quantum mechanics are due to inevitable evolution in superposition
states, by means of the Schrodinger equation, and this is also the case for the Einstein Podolsky Rosen
paradox. Quantum mechanics predicts that even an entity S consisting of two separated entities S;
and Sy evolves to a superposition of product states, whenever there is an interaction between the two
entities S and Ss. This means that in all situations of separated quantum entities S; and Sy, with
interaction between S; and Sy (we remark again that separated does not mean without interaction),
that constitute in macroscopic reality almost all interesting cases of two-body problems, cannot be
described in quantum mechanics. We have analyzed in detail in which way the paradoxes disappear,
when we decide to describe the entity S in the more general theory, that does not satisfy the two 'bad’
axioms of weak modularity and the covering law (see ref (10:11:12,13)),

4. The origin of probability.

No attempts have ever been made to explain ’classical probability’, because when it was introduced by
Simon Laplace in the foregoing century, it was just considered as the description of a specific situation
of reality. Only with the advent of quantum mechanics it seemed that a type of 'unexplainable’
probability, now commonly called quantum probability, was appearing in reality. We have presented
in earlier work a possible explanation for the quantum probability (141516) " The idea is that the
quantum probability is due to a lack of knowledge about the interaction between the experiment and
the entity under study. Each experiment e is in fact a mixture of classical deterministic experiments
ex, which we have named ’'hidden measurements’. The probability is due to the fact that when we
execute the experiment e, in reality one of the classical experiments ey is taking place, but since we
lack knowledge about which one, repeated experiments e give different outcomes, giving rise to the
presence of the quantum probability.

In this paper we show that the way in which we explained the quantum probability can be used
to explain an arbitrary probability appearing in nature with an arbitrary experimental situation.

Definition 16 Suppose that we have an entity S with a set of states ¥ and a set of experiments &.
The probability that an experiment e € € gives an outcome x’ € O, when the entity is in a state p € 3
is denoted by P(e = 2 | p).

Definition 17 Suppose that E C £, and we consider the union experiment eg that consists of per-
forming one of the e € E, then we shall say that eg is a ‘mizture’ of the experiments e € E iff
there exists a probability measure p: B(E) — [0,1], where B(E) is a o-algebra, such that p(K) is the
probability that an experiment in K is performed. We’'ll denote the ‘mizture’ by eg ..
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To be able to proof the next theorem, we need to introduce first some definitions.

Definition 18 If y1,ya, ..., yn are vectors of R™, we shall denote by M (y1, Yy, ..., yn) the n X n matriz,
where M; ; = (y;);. We denote by det(yi, ..., yn) the determinant of this matriz M (y1, ..., yn), and by
Par(y1,...,yn) the parallelepiped spanned by the n vectors.

Theorem 37 Consider an entity S with set of states 3 and set of experiments £, and set of probabilities
{P.(e=x% |p)|ec&,peX,al €O.}. For each experiment e € £ it is possible to define a collection
of classical experiments C(A) = {ex | A € A}, such that e is the 'mizture’ of the collection C(A),
hence e = ec(n),, = Urenex, and p : B(A) — [0,1] is a probability measure such that for K C A we
have that u(K) is the probability that performing e, a classical experiment ey occurs, such that A € K.
Then we have that Pe(e = x! | p) = n(AL) where Al = {\ | ex(p) = xL} is the set of all states where
the classical experiment ey gives outcome x.

Proof: Let us consider one specific experiment e € £, and suppose that the outcome set O, is given
by {xl,22,...,2¢, ..., 27}. In relation with this one experiment e we have a collection of probabilities
{P.(e = 2% | p) | 20 € O.,p € X}. We have to define a collection of classical experiments ey € A,
having all outcome sets O, such that e = Uycpe) is the mixture of the ey, and a probability measure
p = B(A) — [0,1], such that P.(e = z} | p) = u(A}), where A7 = {\ | ex(p) = «L}. Let us
denote r*(p) = P.(e = z! | p), then clearly .1  r*(p) = 1 and 0 < ri(p) < 1. If we consider
r(p) = (rt(p),r%(p),...,r*(p), ...,r™(p)), then r(p) for each p is a point of a simplex S,, C ", which
is the convex closure of the set of canonical base vectors h; = (1,...,0,...0), ha = (0,1,0,...,0),
i = (0,...,1,...,0),...y By, = (0,..., 1). For every state p of the entity S we have s(p) = Y., 7'(p)h;.
Let us now define the classical experiments.

1. Each experiment ey has the same set O, of possible outcomes {x!, 22, ...,2"}.

2. We take the parameter A, that labels the ’classical experiments’ ey, to be also points of the
simplex S,,, hence A = (A}, \2,...,A") such that 0 < X\* < 1, and )" | A = 1. For a given state p
represented by the vector 7(p) = (rt(p),7*(p), ..., (p)), we call A; the convex closure of the vectors
hi,hay..,hiz1,7(p), hit1,..., hy. Then clearly S, = U?zlA;.

3. We define the experiment ey as follows: if A € A; then the experiment ey gives the outcome z? if
the entity is in state p. If A is a point of the boundary of A7 and hence also a point of AL~ or AL,
then the outcome of the experiment ey is indeterminate, but indeterminate in the classical sense (as
for example in the case of a classical unstable equilibrium).

So we see that the classical experiments ey are deterministic in the classical sense, namely that they
contain only a ’classical indeterminism’ for those states that are border-points of the Ali,. When the
experiment e is performed, one of the ey occurs. Let us calculate the probability P(e = z¢ | p) for the
experiment e to get the outcome % if the entity is in state p represented by r(p). This probability is
given by:

m"(A;)

P(€=$é|p)zm

(49)

with m™ the Lebesgue measure trace on R". We have |det(y1,y2, ..., yn)| = m"(Par(y1, Y2, ..., Yn))
and m"™(S,) = c¢(n)m"™(Par(hq, ..., hy)) and m"™(A, ;) = c(n)m™(Par(hy, ..., hi—1,7(p), hit1, -, hn))
which shows that :

m"™(Par(hy, ..., hi—1,7(p), Rit1, -, hn))
m™(Par(hy, ..., hy))

- |d€t(h1, cery hi_l,T(p), hi+1, veey ]’Ln)|
- \det (B )| (50)

= \det(hl, ceey hi_l,T(p), hi+1, ceey hn)|
r'(p)

Ple=21! | p)=

€
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This theorem shows that we can build a model with classical experiments that gives the original prob-
abilities. These probabilities are the consequence of our incomplete knowledge of how the measuring
apparatus corresponding to the experiment e acts to produce an outcome. So the probabilities are
due to a lack of knowledge about the experimental situations. In ref (!7) we have investigated in which
way this construction can be used for the quantum mechanical situation in general.

5. Experiments of the first kind.

If we are convinced that the quantum mechanical paradoxes are due to a structural shortcoming of the
orthodox formalism, we should try to built a more general formalism. We can start by the theory that
we have introduced here, and try to put forward axioms that do not lead to structural shortcomings,
and hence can deliver finally a new quantum-like theory, which will be structurally not isomorphic
to orthodox quantum theory. We would like to indicate how one could proceed, by introducing some
concepts.

Definition 19 Suppose that we have an entity S with a set of states 3 and a set of experiments &.
We say that an experiment e € £ is of the first kind’ iff when an outcome x% € O, occurs, the state
of the entity S is changed in a specific state p., that is an eigenstate of e with eigen outcome xl,.

Let us remark that an experiment on a quantum entity represented by a self-adjoint operator is always
an experiment of the first kind.

Theorem 38 Consider a collection of experiments E € £ and the union experiment eg that consists
of choosing one of the experiments from E and performing the chosen experiment. We know that
Of = UeegO. is the outcome set of the union experiment eg. Then eg is of the first kind iff e is of
the first kind for each e € E and O. = Oy for all e, f € E, such that O = Oe.

Proof: Suppose that eg is of the first kind. Consider an arbitrary e € F and suppose that we perform
e and get an outcome x’. Then, since eg is of the first kind, the state of S is changed into a state
p%;, which is an eigenstate of e with eigen outcome x%, and hence also an eigenstate of e, with eigen
outcome z. This shows that e is of the first kind. So we have shown already that if eg is of the first
kind, then each e € E is of the first kind. Consider now e, f € E and x! an arbitrary outcome of
e. Suppose that we perform er and get an outcome z¢. Since eg is of the first kind we know that
this has transformed the state of the entity into a state p%, which is an eigenstate of ep with eigen
outcome x’. Suppose that we perform the experiment ex when S is in the state p%, and choose to
perform f € E. Then the outcome x% occurs, which shows that i € Oy. This shows that O, C Oy.
In an analogous way we show that Oy C O., which proves that O, = Oy. Clearly then O = O..
The inverse implication, suppose that all the e € E are experiments of the first kind, and O, = O¢
for e, f € E implies that eg is of the first kind, can easily be proved along the same lines.

When we consider a situation of an entity S, with a set of states ¥ and a set of experiments £, which
are all experiments of the first kind, and a set of probabilities {P.(e = zi|p) | e € £,2¢ € O,,p € X},
then applying theorem 37, we know that we can define for each experiment e a collection of classical
experiments ey, such that e is a mixture of these classical experiments, and the lack of knowledge about
which classical experiment occurs, when the experiment e is executed, gives rise to the probabilities.
From theorem 37 follows that if e is of the first kind, then all the ey are of the first kind, and have the
same outcome set O.. The construction that we have proposed in proof of theorem 38, can again be
applied for this situation. We just have to define the action of a specific classical experiment on the
state. From theorem 38 follows that we have to propose the following: an experiment ey, such that
A€ A;,, changes the state p to the eigenstate p’ of the experiment e with eigenoutcome z?.
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