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Abstract

We explain the quantum structure as due to the presenceof two e®ects,
(a) a real change of state of the entity under in°uence of the measure-
ment and, (b) a lack of knowledge about a deeper deterministic reality
of the measuremen process. We presert a quantum machine, where we
can illustrate in a simple way how the quantum structure arisesasa con-
sequenceof the two mentioned e®ects. We intro duce a parameter 2 that
measuresthe size of the lack of knowledge on the measuremern process,
and by varying this parameter, we describe a contin uous evolution from
a quantum structure (maximal lack of knowledge) to a classical structure
(zero lack of knowledge). We show that for intermediate values of 2 we
nd a new type of structure, that is neither quantum nor classical. We
apply the model that we have intro duced to situations of lack of knowl-
edgeabout the measuremen processappearing in other regions of reality.
More speci cally we investigate the quantum-lik e structures that appear
in the situation of psychological decision processeswhere the subject is
in®uenced during the testing, and forms some of his opinions during the
testing process. Our conclusion is that in the light of this explanation,
the quantum probabilities are epistemic and not ontological, which means
that quantum medhanics is compatible with a determinism of the whole.

1 A macroscopic machine producing quantum
structure

Before we cometo identify the origin of the appearanceof quantum structures
in nature, we want to exposea macroscopicmachine that producesquantum
structure. We shall make use intensively of the internal functioning of this
madhine to demonstrate our general explanation.

°Published as: Aerts, D., 1995, “Quantum structures: an attempt to explain the origin of
their appearance in nature”, International Journal of Theoretical Physics, 34, 1165.



The madine that we considerconsistsof a physical ertity S that is a point
particle P that can move on the surfaceof a sphere,denotedsurf , with certer O
and radius 1. The unit-v ector v wherethe particle is located on surf represens
the state p, of the particle (seeFig. 1,a). For eat point u 2 surf , weintroduce
the following experimernt e,. We considerthe diametrically opposite point j u,
and install a piece of elastic of length 2, suc that it is "xed with one of its
end-points in u and the other end-point in j u. Oncethe elasticis installed, the
particle P falls from its original placev orthogonally onto the elastic, and sticks
onit (Fig 1,b).

Fig. 1: A represenation of the quantum machine. In (a) the physical ertity P
is in state p, in the point v, and the elastic corresponding to the experimert e, is
installed betweenthe two diametrically opposedpoints u and  u. In (b) the particle
P falls orthogonally onto the elastic and sticks to it. In (c) the elastic breaksand the
particle P is pulled towards the point u, suc that (d) it arrivesat the point u, and
the experimert e, getsthe outcomeoy .

Then the elastic breaksand the particle P, attached to one of the two piecesof
the elastic (Fig. 1,c), movesto one of the two end-points u or j u (Fig. 1,d).

Depending on whether the particle P arrivesin u (asin Fig. 1) orin j u, wegive
the outcome o} or o} to e,. In Figure 2 we represer the experimental process
connectedto e, in the plane where it takesplace, and we can easily calculate
the probabilities corresponding to the two possibleoutcomes. In order to do so
we remark that the particle P arrivesin u when the elastic breaksin a point of
the interval L{, and arrivesin j u when it breaksin a point of the interval L,
(seeFig. 2). We make the hypothesisthat the elastic breaks uniformly, which
meansthat the probability that the particle, beingin state p,, arrivesin u, is
given by the length of L, (which is 1+ cogy) divided by the length of the total

elastic (which is 2). The probability that the particle in state p, arrivesin j uis
the length of L, (which is 1j cosl) divided by the length of the total elastic. If
we denote these probabilities respectively by P (o};py) and P(03; py) we have:



P(o};py) = 1+%J:cos"’%1 (1)
P(oy;py) = 1i%J:siﬁg 2)

The probabilities that we nd in this way are exactly the quantum probabilities
for the spin measuremen of a spin 1/2 quantum ertity, which meansthat we
can describe this macroscopicmachine by the ordinary quantum formalism with
a two dimensional complex Hilb ert spaceas the carrier for the set of states of
the ertity.

Fig. 2: A represenation of the experimental processin the plane whereit takesplace.
The elastic of length 2, corresponding to the experiment e, , is installed betweenu
and j u. The probability, P (of ;p.), that the particle P endsup in point u is given
by the length of the pieceof elastic L ; divided by the length of the total elastic. The
probability, P (03 ;p. ), that the particle P endsup in point i u is given by the length
of the pieceof elastic L, divided by the length of the total elastic.

2 Quantum Structures

Already from the advent of quantum medanicsit wasknown that the structure
of quantum theory is very di®eren from the structure of the earlier existing
classical theories. This structural di®erencehas been expressedand studied
in di®eren mathematical categories,and we mertion here some of the most
important ones: (1) if one considersthe collection of properties (experimental
propositions) of a physical ertit y, then it hasthe structure of a Boolean lattice
for the caseof a classicalertit y, while it is non-Booleanfor the caseof a quantum
erntity (Birkho ® and Von Neumann 1936, Jauch 1968, Piron 1976), (2) for the
probability model, it canbe shown that for a classicalertit y it is Kolmogorovian,
while for a quantum ertity it is not (Foulis and Randall 1972,Randall and Foulis
1979,1983, Gudder 1988, Accardi 1982, Pitovski 1989), (3) if the collection of
obsenablesis considered,a classicalertit y givesrise to a commutativ e algebra,
while a quantum entity doesn't (Segal1947, Emch 1984).

The presenceof these deep structural di®erencesbetween classicaltheories
and quantum theory has cortributed strongly to the already earlier existing be-
lief that classicaltheories describe the ordinary 'understandable’ part of reality,



while quantum theory confronts us with a part of reality (the micro-world) that

is impossibleto understand. Therefore still now there is the strong paradigm
that quantum mechanics cannot be understaod. The example of our macroscopic
machine with a quantum structure challengesthis paradigm, becauseobviously
the functioning of this machine can be understood. The aim of this paper is
to show that the main part of the quantum structures can indeed be explained
in this way and the reasonwhy they appear in nature can be identi" ed. In

this paper we shall analyze this explanation, that we have named the 'hidden

measuremen approad’, in the category of the probability models. We refer to

(Aerts and Van Bogaert 1992, Aerts, Durt and Van Bogaert 1993, Aerts, Durt,

Grib, Van Bogaert and Zapatrin 1993, Aerts 1994, Aerts and Durt 1994a) for
an analysis of this explanation in other categories.

The original developmert of probability theory was aiming at a formaliza-
tion of the description of a probability that appears as the consequenceof a
lack of knowledge The probability structure appearing in situations of lack of
knowledgewas axiomatized by Kolmogorov and such a probability model is now
called Kolmogorovian. Sincethe quantum probability model is not Kolmogoro-
vian, it hasnow generally beenacceptedthat the quantum probabilities are not
a description of a lack of knowledge Sometimesthis conclusionis formulated by
stating that the quantum probabilities are ontological probabilities, as if they
would be presert in reality itself. In the hidden measuremen approach we show
that the quantum probabilities can be explainedasbeing dueto alack of knowi-
edge and we prove that what distinguishesquantum probabilities from classical
Kolmogorovian probabilities is the nature of this lack of knowledge Let us go
bad to the quantum machine to illustrate what we mean.

If we consideragain our quantum machine (Fig. 1 and Fig. 2), and look for
the origin of the probabilities asthey appearin this example,we canremark that
the probability is entirely due to a lack of knowledge about the measuremen
process. Namely the lack of knowledge of where exactly the elastic breaks
during a measuremein More speci cally, we can identify two main aspects of
the experiment e, asit appearsin the quantum machine.

1. The experiment e, e®ectsa real change on the state p, of the entity
S. Indeed, the state p, changesinto one of the states p, or p; , by the
experimert e,.

2. The probabilities appearing are due to a lack of knowledgeabout a deeper
reality of the individual measuremenh processitself, namely where the
elastic breaks.

These two e®ectsgive rise to quantum-lik e structures. The lack of knowledge
about a deeger reality of the individual measuremen processwe have referredto
asthe presenceof 'hidden measuremets' that operate deterministically in this
deeper reality (Aerts 1986,1987,1991), and that is the origin of the name that
we gave to this approach. A consequencedf this explanation is that quantum
structures shall turn out to be present in many other regionsof reality wherethe
two mertioned e®ectsappear. We think of the many situations in the human



scienceswhere generally the measuremen disturbs profoundly the entit y under
study, and where almost always a lack of knowledge about the deeper reality
of what is going on during this measuremen processexists. In the nal part
of this paper we give someexamplesof quantum structures appearing in sud
situations.

3 Quantum, Classical and Intermediate

If the quantum structure canbe explainedby the presenceof a lack of knowledge
on the measuremen process,we can go a step further, and wonderwhat typesof
structure arise when we considerthe original models, with a lack of knowledge
on the measuremei process,and intro duce a variation of the magnitude of this
lack of knowledge. We have studied the quantum machine under varying 'lack
of knowledge', parameterizing this variation by a number 2 2 [0; 1], such that
2 = 1 corresponds to the situation of maximal lack of knowledge, giving rise
to a quantum structure, and 2 = 0 corresponds to the situation of zerolack of
knowledge, generating a classicalstructure, and other valuesof 2 correspond to
intermediate situations, giving rise to a structure that is neither quantum nor
classical (Aerts, Durt and Van Bogaert 1992, 1993). It is this model that we
have called the 2-model, and we want to introduce it again in this paper.

We start from the quantum machine, but introduce now di®eren types of
elastic. An 2; d-elastic consists of three di®eren parts: one lower part where
it is unbreakable, a middle part where it breaks uniformly, and an upper part
where it is again unbreakable. By meansof the two parameters2 2 [0; 1] and
d2[il+2z1; 2], we x the sizesof the three parts in the following way.
Suppose that we have installed the 2; d-elastic between the points j u and u
of the sphere. Then the elastic is unbreakable in the lower part from j u to
(dj 2)¢u, it breaksuniformly in the part from (dj 2) ¢u to (d+ 2) ¢u, and it is
again unbreakable in the upper part from (d + 2) ¢u to u (seeFig. 3).

Fig. 3 : A represernation of the experiment € ,. The elastic breaks uniformly
betweenthe points (dj 2)u and (d+2)u, and is unbreakable in other points.

An e, experiment performed by means of an 2; d-elastic shall be denoted by
efj;d. We have the following cases:(1) v¢u - dj 2. The particle sticks to the
lower part of the 2; d-elastic, and any breaking of the elastic pulls it down to the
point j u. We have P*(o};p,) = O and P*(0y;py) = 1.



(2) dj 2 < veu < d+ 2, The particle falls onto the breakable part of the
2: d-elastic. We can easily calculate the transition probabilities and "nd:

P*(d};pv)

P*(0%;pv)

S(voui d+?) 3)

2—12(d+ 2 veu) 4)

(3) d+ 2 - v ¢u. The particle falls onto the upper part of the 2; d-elastic, and
any breaking of the elastic pulls it upwards, suc that it arrivesin u. We have
P*(d};py) = 1and P*(0y;py) = O.

4 Probabilites appearing in physical situations

If we want to analyze the structure of the quantum probability model in the
light of axioms that have beenformulated for classical probability theory, we
“rst have to be very specic about the situation that we consider. In physics
(and hencealso in quantum medanics and classical medanics) we consider
a situation where we have a physical ertity S that can be in di®eren states
p;q;r;:::, and we'll denote the set of states by §. On this physical entity S, in
a certain state p, we perform experiments e;f; g; ::;, that respectively have sets
of possibleoutcomesOeg, Of, Oy, ....Let us denote the collection of all relevant
experiments by E. There are di®eren placesin which probability appearsin
this scheme.

4.1 The probabilit y connected to the states

In many occasionsit is not possibleto preparethe ertity S in such a way that
we know in which state it is beforewe start an experiment. We canonly prepare
it such that we are left with a situation of 'lack of knowledge' about the state
of the entity. This situation of lack of knowledge is described by meansof a
probability measure! : B(8) ! [0; 1] on the set of states, such that B(8) is a
Yzalgebra of measurablesubsetsof §, and for K 2 B(8) we have that  (K) is
the probability that the state of the ertity S is in the subsetK . We have (a)
1(8) = 1,and (b) * ([ iKi) = > ; * (K;) for setsK; such that K, \ Ky = ; for
n 6 m. What we call 'states’ p;q;r;::: are often called 'pure states', and what
we call 'situations of lack of knowledge on the states'?; ©;::: are often called
'mixed states'.

4.2 The probabilit y connected to the experiments

Evenwhenthe ertity S isin a state p, and an experimert e is performed, prob-
ability, de ned as the limit of the relative frequency connectedto an outcome
ok 2 Oe, appears. For a xed state p, the probability that an experiment e gives
an outcome in a subsetA® % Og, denoted by P(A€®;p), can be described as a
probability measureon the outcome set O, of the experiment e. Hencea map



P :B(Oe) £ 8! [0;1] such that B(O,) is a collection of measurablesubsetsof
O¢ and (a) P(Oe;p) = 1, and (b) P([ AZ;p) = >« P(AR; p) for sets AY sudch
that A%\ Aje: ; fori 6 j.

4.3 The general probabilit y

Most of the time we measurea probability in the laboratory that contains both

just mertioned probabilities. It is the probability that in a situation * of lack of

knowledgeon the states, an experiment e givesan outcomein a subsetA®€ %2 O,

and we'll denoteit by P(A€;1). This probability is, for a given experiment e, a

map P : B(Og)£ M (8) ! [0; 1], whereM (8) is the set of probability measures
on §.

4.4 The eigenstate sets and the possibilit y-state sets

As we have donein (Aerts 1994)we intro ducefor an experimert e the eigenstate
sets,asmapseig : P(Oc) ! P(8), wherefor A® %2 O, we have :

eig(A®) = fpjp2 §;if Sisin pthe outcome of e occurs certainly in A%g (5)

We alsointro ducethe possibility-state sets,asmapspos: P(Oc) ! P(8), where
for A® % O we have :

pogA®) = fpjp2§;if Sisin pthe outcome of e occurs possibly in A°g (6)

Clearly we always have :
eig(A®) %2 po(A°®) )

Theorem 1 We consider an entity S in a situation with lack of knowledge
alout the states descriked by the probability measure t on the state space. For
an arbitrary experiment e and set of outcomesA® 2 O, we have:

1 (eig(A®%)) - P(A%1) - *(pogA®)) 8

Proof: As de ned we have that ! (eig(A®)) is the probability that the state of
the entity is in the subseteig(A°®). If the state is in eig(A€), the experiment e
giveswith certainty an outcomein A€, and therefore? (eig(A®)) - P(A®%;1). As
de ned we have that  (poqA®)) is the probability that the state of the entity is
in pogA®). If the state is in pogA°®) the experiment e has a possibleoutcome
in A€, and therefore P(A®;1) - 1 (poqA®)).

We shall show in the next sectionthat for a classicalprobability model, the two
inequalities becomeequalities. But “rst we want to illustrate all theseconcepts
on the quantum machine.



5 lllustration on the quantum machine

It is easyto seehow these conceptsare de ned for the quantum machine (and
also for the 2-model). For a consideredexperimert e, (or €4 in the 2-model),
we have an outcome set O, = fo};00. The set of statesis § = fp, j v 2
surf g. The situations with lack of knowledge about the states are described
by probability measureson the surface of the sphere. We have also described
P*(Ay;py) for an arbitrary A, ¥2 O, (see(3) and (4)). For the eigenstatesets
and the possibility- state setswe have (seeFig. 4.) :

eig'(folg) = fp,jd+ 2. veug )
eig'(fobg) = fpvjveu- di g (10)
pos(foig) = fp,jdi 2<veug (11)
pos(foyg) = fpyjveu<d+2g (12)
u

[ e "

Bl L

[ Jrs0 "

[ pos({0"})

-u

Fig. 4 : We have represerted the eigenstatesetseig” (f o} g) and eig” (f o3 g). If the
state of the ertity (the position of the particle P) is in eig” (f of %) [or in eig® (f 04 g)],
then the experiment €,.4 gives with certainty the outcome O7 [or with certainty

the outcome Og]. We also have represenied the possibility state sets, pos” (f o! g)
[pl?s’ qjo; g)], which is the collection of stateswherethe ertit y givesa possibleoutcome

0; [O5].

We can considerthe following specic cases:

5.1 The quantum situation (2 =1)

For 2 = 1 wealways haved = 0, and the 2-model reducesto the original quantum
machine that we introducedin sectionl. It is a model for the spin of a spin 1/2
guantum ertity. The transition probabilities are the sameasthe onesrelated to
the outcomesof a Stern-Gerladch spin experiment on a spin 1/2 quantum particle,
of which the quantum-spin-state in direction v = (cosAsiny; sinAsinp; cogl),



denoted by A,, and the experiment e, corresponding to the spin experiment
in direction u = (cos sin®; sin” sin®; cos®), is described respectively by the
vector and the self adjoint operator

A, = (& ""2cog=2; €4 2sinp=2) (13)
1/ cos® €' sin®
Ho = 3 (e‘_ sin® | cos® ) (14)

of atwo-dimensionalcomplexHilb ert space. For the eigenstatesetsand possibility-
state setswe nd:

eig'(fojg) = fpug (15)
eig'(foig) = fp, ug (16)
pos(foig) = fp,jvé jug 17)
pos (foyg) = fpyjVv6 ug (18)

Supposethat we consider a situation with lack of knowledge about the state,
described by a uniform probability distribution * on the sphere, which corre-
spondsto a random distribution of the point on the sphere. Then we can easily
calculate the following probabilities :

Pi(folgt) = (19)
Pi(folgt) = (20)
On the other hand, we have :
L(eig’(fdig) = 0 (21)
L(eig'(foyg) = O (22)
L(pos(folg) = 1 (23)
L(pos(fojg) = 1 (24)

which shaws that the inequalities of theorem 1 (see(8)) are very strong in this
quantum case.

5.2 The classical situation (2 =0)

The classicalsituation is the situation without °uctuations. If 2 = 0, then d can
take any value in the interval [j 1;+1], and we have:

eig'(folg) = fpyjd< veug (25)
eig'(foyg) = fpyjveu<dg (26)
pos(foig) = fp,jd- veug (27)
pos(foyg) = fp,jveu- dg (28)



We againconsiderthe situation of an at random distribution of the point particle
on the spheredescribed by the probability distribution . We then have in this
case:

Pifdigl) = S d (29
Pi(foygt) = %(1+ d) (30)
On the other hand we have:
L(eig'(foig) = %(11 d) = * (pos (f o} g)) (31)
L(eig'(foyg) = %(1*“ d) = * (pos (f 03g)) (32)

which shows that the inequalities of theorem 1 (see(8)) have becomeequalities
in this case.

5.3 The general situation

To giveaclear picture of the generalsituation, we intro duceadditional concepts.
First we remark that the regions of eigenstateseig’(f 0\ g) and eig®(f 04g), and
the regions of possibility states pos (fo{g) and pos (f 04g), are determined by
the points of spherical sectorsof surf certered around the points u and j u (see
Fig. 4 and Fig. 5).

Fig. 5: We have represeried the di®erent angles, and 7 characterizing the
spherical sectorsof the eigenstatesetsand possibility state sets.

We denotea closedspherical sector certered around the point u 2 surf with an-
gle u by sedu; ), and a open spherical sectorwith the sameangle by se®(u; ).
We call , ;; the angle of the spherical sectorscorresponding to eig®(f o g) for all
u, hencefor 06 2 we have eig’(foig) = fp, j v 2 sequ;, ;)g, and eig’(foig) =
fpyjv2sed®(u;, J)gfor2 = 0(seeFig. 5). We canverify easilythat eig’(f 0}g)
is determined by a spherical sector certered around the point j u. We call
1% the angle of this spherical sector, hencefor 0 6 2 we have eig’(fojg) =
fpy j v 2 sedj u;1})g and eig’(fojg) = fpy j v 2 se®(j u;1})g for 2 = 0.

10



For 0 6 2 we have pos (foig) = fp, j v 2 se®(u;%i 13)g, and pos (foig) =
fpy j v 2 sequ;%i 19)gfor2= 0. For 06 2 we have pogfojg) = fp, jv2
seC(i u;%i ,3)gand pos(foig) = fpy j v 2 sedj u;%j ,)gfor2= 0 We
have:

cosy = 2+d (33)
cosy = 2jd (34)
Lid = g (35)

6 The classical situation

Wewant to formulate now the classicalsituation in this generalscheme. We shall
seethat in the characterization of a classicalprobability model, the inequalities
of theorem 1 play an important role.

De nition 1 Suppmsethat weare in the situation * of lack of knowledgeon the
states. We say that an exgeriment e is a ‘classical exgeriment' i® ! (eig(A®)) =
1 (poqA®)) for all subsetsA® 12 O.. With other words, a classi@l experiment is
an experiment where all states, exept a collection of measure zem, give rise to
predetermined outcomesfor this experiment.

Classicalexperimerts are experimerts with predetermined outcomes(except for
a set of states of measurezero that as a consequencalo not cortribute to the
statistics). For these classicalexperiments we can shaw that probability always
originates in a lack of knowledge on the states.

Theorem 2 If weare in the situation * of lack of knowledgeon the states, and
e is a classial exgeriment, then for each A® 2 B(Og) we have:

1 (eig(A®)) = P(A% 1) = * (pogA®)) (36)
Proof: A direct consequencef de nition 1 and theorem 1.

We shall shonv now that for classicalexperiments Bayes formula for the condi-
tional probability is valid. To be able to analyze the validity of Bayesformula
in the schemethat we have preseried here, we must give an operational de -
nition for the concept of conditional probability. Here we are confronted with
a conceptual problem, since in most textb ooks, the conditional probability is
de ned by meansof Bayesformula. Sincethe conditional probability is a pri-
mary physical quartit y that is measuredin the laboratory, we should de ne it
operationally and without the use of Bayesformula.

7 The concept of conditional probabilit y
We want to make clear that there is a distinction betweenthe occurrenceof an

outcomewhen an experimert is performed, and the conditioning on an outcome
corresponding to an experimert.

11



De nition 2 Given a situation * of lack of knowledgeon the statesof an entity
S, descrited by a probability measure on this set of states§. We condition the
entity S on a subsetA; % O; for an experiment f, if we consider during the
performance of the experiment e only those trials, whete the situation of the
entity before the experiment e is such that we can predict the outcome for the
exgeriment f to occur with certainty in Af, if we would decide to perform the
exgeriment f .

From this de nition follows that conditioning is equivalert to a change of the
situation * before the experimert in suc a way that the experiment f would
givewith certainty an outcomein A, if it would be executed. The new situation
of lack of knowledgeis described by the probability measurethat we shall denote
by 1A, :B(8) ! [0;1]. It isdened for an arbitrary subsetK % § asfollows:

Yar (K) =1 (K \ eig(Ar))= (eig(Ar)) (37)
Now that we have introduced this concept of “conditioning' on an experimert,
we can intro duce the generalconcept of conditional probability.

De nition 3 Given asituation * of lack of knowledgeon the statesof an entity,
descrited by the prokability measure 1, and given two experiments e and f,
then we want to consider the conditional prokability P(Ae;Af;1). This is the
probability that the experiment e makesoccur an outcome in the set A, when
the situation is conditioned on the set A; for the experiment f . The conditional
probability is a map P : B(Oe) £ B(Of) £ M (8) ! [0;1].

Theorem 3 Given a situation * of lack of knowledge on the states, and two
experiments e and f. If the experiment e is a classi@al experiment, then the
conditional prokability P(A¢;Af;1) satises Bayes formula. More speci cally
we haveP (Ae;Ar ;1) = * (eig(Ae) \ eig(Ar))=* (eig(Ar)).

Proof: We have (see 37) that P(Ac;Ar;t) = P(Ae;ta,). If eis a classi-
cal experiment it follows from theorem 2 that P(Ae;ta;) = A, (€ig(Ae)) =
L (eig(Ae) \ eig(Af))=" (eig(At)). This shaws that Bayesformula is valid.

From this theorem canintuitiv ely be seenthat Bayesformula for the conditional
probability shall not be valid for the caseof two experimernts that are both non-
classical. We shall now analyzeall thesesituations in the 2-model and showv how
the conditional probability in the 2-model ewolves cortin uously from the quan-
tum transition probability, for the caseof 2 = 1, to a classical Kolmogorovian
probability satisfying Bayesformula, for the case? = 0. We shall also shaw that
for values of 2 strictly betweenl and 0O, the conditional probability is neither
quantum nor classical.

8 The conditional probabilit y and the 2- model

Given a situation * of lack of knowledge about the state of the point particle,
described by a uniform probability measureon the sphere. This correspondsto

12



the situation where the particle P is distributed at random on the sphere. For
a xed 2, and two parametersd and c both in the interval [ 1+ 2, 1 2], there
are also glven the two experimerts €,4 and e

Fig. 6 : An illustration of the situation corresponding to the conditional probability
for the 2- model. The lack of knowledgeabout the state of the particle is described by
a uniform probability distribution * onthe sphere. For a xed 2 andtwo parametersd
and c in the the interval [j 142 1; 2], we considertwo experimerts e;,; and eW < We
want to calculate the conditional probability P (u;w;? ) that the experlmert e,q gives
the outcomeoy , whenthe ertit y is conditioned on the outcome oy for the experimert

. This meansthat beforethe start of the experimert e, , the situation is such
that if we would perform the experimert €, .., the outcome of would come out
with certainty. This conditioning is expressedby a new probability measureon the
sphere, which is zero outside the grey area, and equal to the old one, except for a
renormalization factor, in the grey area.

In generalwe considerthe conditional probability for arbitrary elemens of the
set of measurablesubsetsof the outcome sets of the two experiments. Sincein
the 2-model we only have experimerts €4, with two outcomeso! and o}, we
want to alleviate somewhatthe notation. Therefore we shall denote the condi-
tional probability that the experimernt €, .4 givesthe outcome o} (respectlvely
05), when the ertity is conditioned for the outcome o} of the experiment eW c
by P(u;w;1) (respectively P(j u;w;1)). In a similar way we denote the condi-
tional probability that the experiment eud givesthe outcome oY (respectwely
03), when the ertity is conditioned for the outcome 0 of the experimert €,
by P(u;j w;1) (respectively P(j u;j w;1)) (seeFig. 6). We repeat again: the
conditional probability P(u;w;t) is the probability that the experiment ef,;d
gives the outcome oY, if the entity is conditioned on the outcome o} for the
experimert €,... This meansthat the lack of knowledge on the states is such
that if we would decideto perform the experimert €, .., the outcome o} would
comeout with certainty. With other words (seeFig. 6), the state of the en-
tity is such that the particle is distributed uniformly inside the spherical sector
eig(f o}’ g), the grey areaon Figure 6. It is easyto formulate in a similar way the
four other conditional probabilities P(j u;w;);P(u;j w;t) and P(j u;j w;1).
The explicit calculation of these conditional probabilities is a long exerciseof
classicalcalculus, and therefore we refer to (Aerts D. and Aerts S. 1994b) for a
detailed exposition of this calculation. Here we only give the result. Let us call
® the angle betweenthe two vectorsu and w, then we have:
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P(UiW;1) = Py GH (2] c02)+ H(2i Sin ) 8 CH (cOS i 2)+ Py CH (sin 3 | 2

(38)
where H (x) is the function of Heaviside, and :
CosR(1 + 2 1
1= % + 5 (39)
' .
0y = o+ 1, '(ww) . cos®+ 1 U w) (40)

2 41 2) 421 ?)
Fu;w) i (i u;w) N (cog®j 1) ¢¥(j u;w) + (cos®+ 1) ¢¥(u; w)

41 2) 471 2) 1)
41
where:
I (u;w) = 42 ¢Ar ccos 21 Ceos@®2) 1 gar csin SN(®=2) (42)
1 22 /(1i 22
and :

) = 2 69(O=2) ¢, 11 (e (L ) eArccod L) @)

Let us rst considerthe two extremal casesthe classicalcase,where2 = 0, and
the quantum case,wherez = 1.

(1) the classial case(?2 = 0)

In this casewe nd : ®

Puw*)=1i ¢

Ya (44)

which is a linear function in the angle.

(2) the quantum case (2 = 1)

For this casewe only have to take into accourt the contribution p; of (38), and
hencewe nd :

P(u;w;1) = cos(®=2) (45)
which is the well known quantum transition probability betweenthe states p,
and py -

The conditional probability P(u;w;1) ewlvescortinuously from the quantum
transition probability betweenthe states p, and p,, to a linear function of the
angle betweenthe two vectorsu and w.
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9 An intermediate situation of the 2- model that
IS neither classical nor quantum

A complete probabilistic analysis of the intermediate situation of the 2-model
is preseried in (Aerts D. and Aerts S. 1994 b). Here we only show that for a
specic value of 2 = 2 the conditional probabilities of the 2-model cannot be
“tted neither into a quantum probability model nor into a classicalprobability
model.

p_
Theorem 4 For 2= 72 the conditional prokabilities of the 2- model cannot be

“tte d neither into a classial nor into a quantum probability model.

Proof : We shall give a proof ex absurdum, and supposethat there does ex-
ist a Kolmogorovian model satisfying Bayes formula for the conditional prob-
ability for this value of 2. We consider three experimerts €4, €4 and €, 4,
such that d = 0 and u, v and w are in the same plane, with an angle of %1/“
betweenu and v, betweenv and w, and betweenw and u. If we usethe gen-
eral expressionfor the conditional probability (38) we nd P(v;w;%) = 0:78,
P(u;w;t) = 0:22 and P(j u;v;1) = 0:22. As we have de ned, P(v;w;?) is
the probability that the experiment ef,;d givesthe outcome oY, if we have con-
ditioned the ertity in such a way that if we would perform the experiment
efN;d, it would give with certainty an outcome of. To be able to expressmore
clearly the hypothesis of the existenceof a Kolmogorovian probability model,
we write these conditional probabilities in a more standard notation. Hence
P(v;w;1) = P(eVd = olje:Wd = oW) P(u;w;t) = P(eud = oljeWd = 0o}),

and P(j u;v;t) = P(eud =0y e\,d = oY) under the preparation *. If there
does exist a Kolmogorovian probability model, satisfying the Bayes formula,
there exists a set X (playing the role of the sample space),and a ¥ algebra
B(X) (playing the role of the set of events), and a probability measure® :
B(X)! [0;1], such that the conditional probabllitles P(e\,d =0y j eWd = of),

P(e,q = 0fj€,q=0) andP(&, = o) j &.4 = of) canbe written under the
appropriate form. This meansthat there exists elemerts U; V; W 2 B(X) suc
that :

2 . 2 oO(V\ W
P(eq=0]]e&yq=0Y) = W (46)
2 . 2 0 U\ W
P(eu;d = 0\11 J eW;d = 0\1\’) = W (47)
o(UC\ VvV
P(gg=0yj€q4=0)) = W (48)

We also have ©(W) = 1(of;1) = 4 and °(V) = 1(o};*) = 1. Using the fact
that © is a probability measure,and (47) and (48), and substituting the values
of the conditional probabilities, we get:

OV W) = °U\V\ W)+ oS\ V\ W) (49)
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= %G:P(v;w;l) = 0:39 (50)

oMU\ W) = °WU\V\W)+°oU\ Ve W) (51)
= %G:P(u;w;l): 0:11 (52)
U\ V) = oWC\ VI W)+ oW\ v WO (53)
= %G:P(i u;v;t) = 011 (54)

If we subtract (52) from (50) we nd :
O(UC\ V\ W)= 0:28+°U\ VE\ W) (55)

which implies that
0:28- °(US\ V\ W) (56)

On the other hand from (54) follows
°o(UC\ V\ W) - 011 (57)

The inequalities (56) and (57) deliver us the contradiction that we were looking
for. The conclusionis that for thesevaluesof the conditional probabilities there
doesnot exists a Kolmogorovian probability model satisfying the Bayesformula.

Also for the proof of the non-existenceof a Hilb ertian model we proceed
ex absurdum. If there exists a two dimensional complex Hilb ert spacemodel,
wherethe conditional probabilities are described by the transition probabilities,
we can nd three orthonormal basisf A;; Ayg, fA1; Axg, fA;; Ayg sudh that:

°2 = jml,A1|]2 = Jh&l,Allj2 = Jh&l,Aglj2 (58)
= jhAy; Asij? = jhAg; Avij? = jhAg; Ajij? = 0:78 (59)
£ = A AN = A A = A AP (60)
= jMQ;Alij2 = jM2;A1ij2 = jmz;Azij2 = 0:22 (61)

This meansthat there exists v e anglespy; e; is; e and s such that:

bAj; Asi = x¢ell (62)
PA AT = +eete (63)
bA;; Al =  +¢eks (64)
PA; Asi = °©¢el (65)
hAg; Agi = © ¢elts (66)

If fA;;Ayg is an orthonormal basis, we have hA;; Asi = hA;; AjibA;; Asi +
hA;; AyihAy; Asi, and hence

¢t = ¢t ¢ et + © ¢t ¢° ¢l (67)
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and also the complex conjugate
+¢el M = x¢el ' gxgel o+ © gel M ¢ el 'h (68)
If we multiply theselast equationsterm by term we nd :

42 = 44 4 o4 4 4202 g (Hethsi Wi Bs)) 4 4202 gai T(H2+Hsi Wi 1s)) (69)
This we can write as
2=+t 242°2¢co o+ i M M) (70)

But then we must have

+2| +4i o4

co(to+ Mg i Wi Ms) = _ZT (71)
If we Tl in the values+? = 0:22and °2 = 0:78we nd :

coS(lo + Wi Mai Ms) =i 1:27 (72)

From this cortradiction we can conclude that there does not exist a two di-
mensional Hilb ert spacemodel, such that the conditional probabilities can be
described by transition probabilities in this Hilb ert space. This theorem shows

that we really have identi~ ed a new region of probabilistic structure in this in-
termediate domain. In (Aerts D. and Aerts S. 1994 b) we show that for any
value of 2 di®erert from 0, the probability structure of the 2-model is non Kol-
mogorovian (not satisfying Bayesformula for the conditional probabilities). We
also shaw that there is a domain of 2 6 1 where a Hilb ert spacemodel can be
found, but another domain where this is not the case.

We comenow to the last section of this paper, wherewe like to give a sketch
of how thesenon-Kolmogorovian probabilities appearin other regionsof nature.

10 Non-Kolmogoro vian probabilities in other re-
gions of nature

As follows from the foregoinganalysis, non-classicalexperimerts, giving riseto a
non-classicalstructure, are characterized by the presenceof non-predetermined
outcomes. This makesit rather easyto recognizethe non-classicalaspects of
experiments in other regionsof reality. Let us considerthe situation of a decision
processdeveloping in the mind of a human being, and we refer to (Aerts D. and
Aerts. S.1994a, b) for a more detailed description. Henceour entit y is a person,
its states being the possible'states' of this person. Experiments are questions
that can be asked to the person, and on which sheor he hasto respond with
'yves' or 'no’. The typical situation of an opinion poll can be thought of as a
concrete example. Let us considerthree di®eren questions:
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1. u: Are you in favor of the useof nuclear energy?

2. v : Do you think it would be a good idea to legalize soft-drugs?
3. w : Do you think capitalism is better than social-demaocracy?

We have chosensud type of questionsthat many personsshall not have
predetermined opinions about them. Sincethe personhasto respond with 'yes'
or 'no’, sheor he, without opinion beforethe questioning, shall 'form' her or his
opinion during this processof questioning. We can usethe 2- model to represen
this situation.

fraction of people with

predetermined answer 'yes'

fraction of people without

predetermined answer

fraction of people with

predetermined answer 'no’

Fig. 7 : A represetiation of the question u by meansof the 2-model. We have
indicated the three regions correspnding to predetermined answer 'yes', without
predetermined answer, and predetermined answer 'no'.

To simplify the situation, but without touching the essencewe make the follow-
ing assumptionsabout the probabilities that are involved. We supposethat in
all casesb0% of the personshave answered the question u with 'yes', but only
15% of the personshad a predetermined opinion. This meansthat 70% of the
personsformed their answer during the processof questioning. For simplicity
we make the sameassumptionsfor v and w. We can represent this situation in
the 2-model asshawn in Figure 7. We also make someassumptionsof the way in
which the di®erert opinions related to the three questionsin®uenceead other.
We can represen an example of a possibleinteraction by meansof the 2-model
(Figure 9). One can seehow a personcan be a strong proponert for the use of
nuclear energy while having no predetermined opinion about the legalization of
soft drugs (area 1l in Figure 9). Area (4) correspondsto a sampleof personsthat
have predetermined opinion in favor of legalization of soft drugs and in favor
of capitalism. For area (10) we have personsthat have predetermined opinion
against the legalization of soft drugs and against capitalism. All the 13 areasof
Figure 9 can be described in such a simple way.
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Fig. 8 : A represenation of the three questionsu, v, and w by meansof the 2-
model. We have numbered the 13 di®erent regions. For example: (1) corresponds
to a sample of personsthat have predetermined opinion in favor of nuclear energy
but have no predetermined opinion for both other questions, (4) correspnds to a
sample of personsthat have predetermined opinion in favor of legalization of soft
drugs and in favor of capitalism, (10) corresponds to a sample of personsthat have
predetermined opinion against the legalization of soft drugs and against capitalism,
(13) correspondsto the sampleof personsthat have no predetermined opinion about
non of the three questions, etc...

Deliberately we have chosenthe di®erent fractions of peoplein such a way
that the conditional probabilities t into the 2-model for a value of 2 = 72
This meansthat we can apply theorem 4, and conclude that the collection of
conditional probabilities corresponding to thesequestionsu, v and w can neither
be tted into a Kolmogorovian probability model nor into a quantum probability
model. We are deweloping now in Brusselsa statistics for such new situations,
that we have called 'interactiv e statistics'. By meansof this statistics it should
be possibleto make models for situations where part of the properties to be
tested are created during the processof testing.

11 Conclusion

The further dewvelopmert of an intermediate (between classicaland quantum)
probability theory and an interactiv e statistics could be very fruitful aswell for
physics as for other sciences.

We work now at the construction of a generaltheory, where also the inter-
mediate structures can be incoorporated (Aerts 1986, Aerts 1987, Aerts, Durt
and Van Bogaert 1993, Aerts 1994, Aerts and Durt 1994a,1994b,Coedke 1994a,
1994b, 1994c¢). This theory can probably be usedto describe the region of re-
ality betweenmicroscopicand macroscopic,often referred to asthe mesoscopic
region. Actually, physicists use a very complicated heuristic mixture of quan-
tum and classicaltheories to construct models for mesoscopicentities. There
is however no consistert theory, and a general intermediate theory could per-
haps’1l this gap. Wetry to 'nd examplesof simple physical phenomenain the
mesoscopicaegion that could eventually be modeled by an 2-like model (Aerts
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and Durt 1994b). If we succeedn building this intermediate theory, we would
not only have a new theory for the mesoscopicregion, but the existence of
such a theory would also shedlight on old problems of quantum mecanics (the
quantum classicalrelation, the classicallimit, the measuremen problem, etc...).
In

Till now we have only beendeweloping the kinematics of this intermediate
theory (Aerts 1994 and Aerts and Durt 1994 a), but, once the kinematics is
fully deweloped, the way to construct a dynamics for the intermediate region is
straightforward. We can study the imprimitivit y system related to the Galilei
group and look for represenations of this Galilei group in the group of auto-
morphisms of the kinematical structure of the intermediate theory. If we can
derive an ewlution equation in this way, it should contin uously transform with
varying 2 from the Sdrédinger equation (2 = 1), to the Hamilton equations
(2= 0).

As we have shown in the last section of this paper, the dewvelopmert of
an interactive statistics could be of great importance for the human sciences,
where often non-predetermined outcome situations appear. It could lead to a
new methodology for these sciences. Actually one is aware of the problem of
the interaction betweensubject and object, but it is generally thought that this
problems cannot be taken into accourt in the theory.

We alsowant to remark that the 'hidden measuremen approach’ de nes a
new quartization procedure. Starting from a classical mechanical ertity, and
adding 'lack of knowledge (or °uctuations)' on the measuremeh process,out
of the classicalertit y appearsa quantum-lik e ertity. Another problem that we
are investigating at this momern is an attempt to describe quantum chaos by
meansof this new quantization procedure. It can be shawvn that the sensitive
dependenceon the initial conditions that can be found in the 2-model for the
classicalsituation in the set of unstable equilibrium states disappearswhen the
° uctuations on the measuremeh processincrease. This could be the explanation
for the absenceof quantum chaos.
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