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Quantum, Classical and Intermediate I : a Model on the Poincaré Sphere.
Diederik Aerts*, Bob Coecke† , Thomas Durt‡ and Frank Valckenborgh
TENA? , Free University of Brussels,
Pleinlaan 2, B-1050 Brussels, Belgium.
Abstract. Following an approach, that we have called the hidden-measurement approach, where the probability structure of quantum mechanics is explained as being due
to the presence of fluctuations on the measurement situations, we introduce explicitly
a variation of these fluctuations, with the aim of defining a procedure for the classical
limit. We study a concrete physical entity and show that for maximal fluctuations the
entity is described by a quantum model, isomorphic to the model of the spin of a spin 1/2
quantum entity. For zero fluctuations we find a classical structure, and for intermediate
fluctuations we find a structure that is neither quantum nor classical, to which we shall
refer as the ’intermediate’ situation.

1. Introduction.
Quantum theory is different from classical theories in many aspects.

It entails a non-

Kolmogorovian probability calculus (quantum probability), a non-Boolean propositional calculus (quantum logic), and a non-commutative measurement calculus (*-algebra’s). Many
aspects of these structural differences between quantum theory and classical theories have
been investigated, and we refer to [13] for an overview. These different approaches all help
to understand some of the still mysterious aspects of quantum theory, but even now, after
so many years of intensive study, many parts of the theory remain obscure.
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In our group in Brussels we are developing an approach where the quantum structures
arise as a consequence of the presence of fluctuations on the measurement situations. In
our approach the indeterminism of the measurement process is due to the fact that a measurement e consists of different possible sub-measurements e(x) that are not distinguished
macroscopically. We have named these e(x) ’hidden measurements’ in analogy with the ’hidden states’ appearing in ordinary hidden variable theories. During a measurement process
corresponding to the measurement e, one of these hidden measurements e(x) actually takes
place, and each one of these e(x) is deterministic. Therefore the probabilistic aspect of the
measurement e finds its origin in the ’lack of knowledge’ about which one of the hidden
measurements e(x) is actually performed. This x can also be seen as a hidden variable of the
measurement apparatus corresponding to e, and the hidden variable theory that results in
this way, not describing hidden states but hidden measurements, is ’contextual’ by definition.
That is the reason why the quantum mechanical models that we have been able to build in
our approach do not conflict with the well-known no-go-theorems about hidden variable descriptions. Another, equivalent, way of expressing this situation consists of saying that there
are fluctuations present on the measuring apparatuses connected to the measurement e, and
these fluctuations are described by the random variable x.
Earlier we have shown that the introduction of fluctuations on the measuring apparatuses
allows us to build a hidden-measurement-model for an arbitrary finite-dimensional Hilbert
space quantum entity [4, 5], and we have proposed a mechanistic physical entity that delivers
a model for a two-dimensional Hilbert space quantum entity, namely a spin 1/2 model [4,
5]. The quantum probability model of this example has been studied in detail [5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16, 17], and apart from being a hidden-measurement representation
that can be realized in the laboratory, in also entails a representation of the two dimensional
complex Hilbert space in a three dimensional real Euclidean space. That similar hiddenmeasurements representations in real Euclidean spaces can be constructed for more than two
dimensional complex Hilbert spaces is shown in [15]. In [7] it is shown that also more general
probability structures then the ones encountered in quantum mechanics can be realized
by explicit hidden-measurement models, and this result is generalized in [16] for situations
with experiments with an infinite numer of outcomes. It is also shown that these hiddenmeasurement-models give rise to a quantum logical propositional structure [9, 10].
If the quantum structure can be explained by the presence of fluctuations on the mea2

suring apparatuses, we can go a step further, and wonder what types of structure arise when
we consider the original models, with fluctuations on the measuring apparatuses, and introduce a variation of the magnitude of these fluctuations. In this paper we shall study
the ’sphere-model’ under varying fluctuations, parameterizing these variations by a number
² ∈ [0, 1], such that ² = 1 corresponds to the situation of maximal fluctuations, giving rise to
a quantum structure, and ² = 0 corresponds to the situation of zero fluctuations, generating
a classical structure1 , and other values of ² correspond to intermediate situations, giving rise
to a probability structure that is neither quantum nor classical.
Since these intermediate situations generate a structure that is neither quantum nor
classical, we want to study them by using a mathematical framework capable of representing
the quantum structures as well as the classical structures. The quantum logic approaches
to quantum mechanics [13] are well fitted for such a program. In [12] we will study the
collection of eigenstate-sets of our sphere model in the intermediate situation, in parallel
with the study of a general entity. We shall show that the collection of eigenstate-sets of
an arbitrary entity always corresponds to a closure structure on the set of states. We also
study this closure structure for the specific case of the sphere model. We show that ² defines
a continuous evolution from the linear closure in vector space to the standard topological
closure.
The aim of this paper is to study in detail the sphere-model (to which corresponds a real
physical entity), that we have introduced in the earlier papers for explaining the probabilities
in quantum mechanics, and to see that the newly introduced intermediate situations give
rise to certain structures that are neither quantum nor classical. In this way we have built
a macroscopical physical entity with a non-classical, and non-quantum structure.
2. Conceptual basis.
The basic concepts of our approach will be ’measurements’ to be performed on a physical
entity and ’states’ of this physical entity. A measurement is a physical procedure that can be
carried out with the physical entity under consideration, and that leads to a recognizable and
identifiable ’outcome’. To state clearly what we mean by the concept of ’state of a physical
entity’ is somewhat more difficult, because different concepts of state are used in physics.
1

We shall show in [12] that the characterization of the classical situation is somewhat more complex.
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Even in the quantum formalism itself two mathematical concepts of state are used, and
several different interpretations are given. There is the so called ’pure state’ of a quantum
entity, represented in the quantum formalism by the unit vector (or the ray corresponding
to this vector) of the complex Hilbert space, and there is the ’mixed state’ of the quantum
entity, represented by a density operator on the Hilbert space. When we use the ’state of a
physical entity’ we have in mind the ’pure state’, because we consider the ’mixed state’ to be
a derived physical concept, namely a statistical mixture of pure states. As is well known, also
for the ’pure state’ of a quantum entity does not exist a consensus about its interpretation.
We adopt a realistic interpretation where the state of a physical entity at a certain time
represents the ’reality’ of this physical entity at this time2 .
The set of possible states that we consider for the physical entity S shall be denoted by
Σ. The state can change under influence of a measurement e, and we call this a measurement
process. The set of measurements that we consider in relation with the physical entity S
shall be denoted by E. With each measurement e corresponds an outcome-set Oe , and when
Oe is a finite set we denote it by {o1 , ......, on }. If the entity S is in a state p, and the
measurement e is performed, the state of the entity can change in different ways, and after
the measurement the entity can be encountered in different states. The probability that the
state p is changed by the measurement e into the state q shall be denoted by Pe (q | p) and
we call it the transition probability of p to q by e.
Thus, in this paper and in particularly in [12], we develop a mathematical framework
with experiments with more than two outcomes. This we do to incorporate the critique of

2

This is how effectively the concept of ’state of an entity’ is used in ordinary language. When we speak of the

’state’ of the economy today, then we refer to ’how’ the economy ’is’ today. In earlier times, before the birth of
quantum mechanics, physicists had no problem to manipulate this ’realistic’ concept of ’state’. Because of the many
interpretative problems related to quantum mechanics, and the widespread belief that a realistic interpretation was
impossible, many different definitions of ’state’ have been put forward. Meanwhile however, it has been shown that
a realistic interpretation is possible [1][2][3][8][11][18][19][20][21], and that the pure state of a quantum entity at
a certain time can be interpreted as representing part of ’what is’ at this time. Since the example that we shall
introduce is a physical example, we shall use without any possible confusion this realistic interpretation for the
concept of state.
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[14]. Hence in our approach the entity S is described by two sets:
Σ = {p | p is a possible state of the entity S}

(1)

E = {e | e is a measurement on the entity S}

(2)

and with each measurement e corresponds a transition probability:
Pe : Σ × Σ → [0, 1]

(3)

where Pe (q | p) is the probability that, the entity S being in state p, a performance of the
measurement e results in a state transition to the state q 3 .

Let us now indicate how this structure is encountered in quantum mechanics. In quantum mechanics the states are described by the use of a complex Hilbert space H, such that a
state p of the quantum entity S is represented by a ray (one dimensional subspace), denoted
by ψ̄p , where ψp is the unit vector in this ray. The set of all rays is denoted by ΣH . A
measurement e is represented by a self-adjoint operator He on this Hilbert space H, and
the outcome-set Oe of the measurement e is given by the spectrum σe of this self-adjoint
operator He . Let us denote the collection of all self-adjoint operators by EH . To find the
way in which the measurement e generates a state transition we remark that by the spectral
theorem, every self-adjoint operator He is completely determined by its spectral measure :
P roj : B(σe ) → P(H), where with A ∈ B(σe ), corresponds an orthogonal projection P rojA ,
element of the set of all orthogonal projections P(H), and B(σe ) is the collection of Borel-sets
of the set of real numbers σe , the spectrum of the operator He . If the entity S is in a state
ψ¯p before the measurement, and a performance of the measurement e gives an outcome in
a set A ∈ B(σe ), then the state ψ̄p is changed into the state which is represented by the

ray generated by the vector P rojA (ψp ), let us denote it by ψ¯q . The transition probability

Pe (ψ̄q | ψ̄p ) corresponding to this change of state is | < P rojA (ψp ) | ψp > |=| < ψq | ψp > |2
In this way we have identified for the quantum entity S the representation of the set of states
by ΣH , the set of measurements by EH , and the transition probability by | < ψq | ψp > |2 .
3. The sphere-model.
3

See also [1][2][18][22]. We could give a description in the general formalism of Foulis and Randall, and shall

point out the way to do this in a forthcoming paper. Since our main aim in this paper is to show the intermediate,
non-quantum and non-classical character of the model, we have limited the formalism to fulfill these specific needs.
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Let us now introduce our model and the physical example representing it. We first introduce
the model, and then indicate which specific physical example can be shown to correspond to
it.
The physical entity that we consider is a point particle P that can move on the surface
of a sphere with center O and radius 1, and we shall denote this surface by surf . This
particle P is our physical entity S (see Fig. 1). In our model of the point particle we
consider the unit-vector v where the particle is located on surf at a certain instant of time
t as representing the state of this particle at time t, its place on the surface of the sphere,
that we shall denote by pv . Hence Σ = {pv | v ∈ surf }.
Let us now introduce the measurements. We consider two diametrically opposite points u
and −u on the surface of the sphere. We shall systematically denote by [−u, u] the ’interval’
of real numbers [−1, 1]u , coordinating the points of the line between u and −u in such
a way that −1 coordinates −u and 1 coordinates u this to alleviate the notations. The
measurement eu consists of the following happening: the particle P falls from its original
place v orthogonally onto the line between u and −u, and arrives in a point a (see Fig 1),
coordinated in the interval [−u, u] by the real number v ·u. In the interval [−u, u] we consider
a random variable x, and the measurement proceeds as follows. If x ∈ [−u , v ·u[, the particle
P , being in the point a, moves to the point u, and we say that the measurement eu gives
outcome ou,1 . If x ∈]v · u , u], the particle P moves to the point −u, and we say that the
measurement eu gives outcome ou,2 . If x = v·u the particle P moves with probability

1
2

to the

point −u, and then the measurement eu gives outcome ou,1 , and it moves with probability
1
2

to the point u, and then the measurement eu gives outcome ou,2 . This completes the

description of the measurement eu .
u

pv
L

P

1

a
L2

-u

Fig. 1 : A point particle P is in a state pv at the point v
of the surface of the sphere. The measurement eu consists
of considering the line L joining the point u of the surface
of the sphere with the point −u. When the measurement
starts the particle P falls from v orthogonally onto this line
in a point a, and then moves on to the point u or to the point
−u depending on the value of a random variable x. This
random variable is defined in an interval [−1,+1], of which
the numbers coordinate the points of the line L between u
and −u, such that −1 coordinates −u and +1 coordinates
u. If x coordinates a point between a and −u then the
particle P moves to the point u, and the measurement eu
gives outcome ou,1 , while if x coordinates a point between
a and −u, then the particle P moves to the point −u, and
the measurement eu gives the outcome ou,2 .
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We can see that the measurement eu transforms the state pv into a new state pu if outcome
ou,1 occurs, or a state p−u if outcome ou,2 occurs. This shows that our measurement eu indeed
defines a state-transition, but clearly this change of state is not deterministic, in the sense
that the original state pv can be changed into two different states pu or p−u . The transition
probabilities Peu (pu | pv ) and Peu (p−u | pv ) connected with either of these two possible
changes by the measurement eu (pv into pu , or pv into p−u ) depend on the distribution of
the random variable x ∈ [−u, u].
Before we explore the model in more detail, let us show that it can be realized in the
laboratory by means of a very simple physical entity and very simple measurements to be
performed on this entity. Therefore we suppose that the particle P is a material point
particle, located on the sphere. The measurement eu happens by means of a piece of elastic
of length 2. The piece of elastic is fixed, with one of its end-points in the point u of the
surface and the other end-point in the diametrically opposite point −u (Fig 1). Once the
elastic is placed, the material particle P falls from its original place v orthogonally onto the
elastic, and sticks on it in the point a. Then the piece of elastic breaks. If we consider the
two parts of the elastic, the part L1 from a to u, and the part L2 from a to −u, it must break
in a point of one of these two parts. If it breaks in L1 , the particle P will be drawn to the
point −u by the elastic still connected to it, and we will say that the measurement eu gives
outcome ou,2 . If it breaks in L2 , the particle P will be drawn to the point u by the elastic
still connected to it, and we will say that the measurement eu gives outcome ou,1 . If it breaks
exactly in the point a itself, the particle P can go both ways. We suppose that in this case
the particle P goes to the point u with probability 21 , and to the point −u with probability
1
2.

It is clear that this ’sphere-elastic-example’ is a physical realization of the sphere model.

It is important to know that such a realization exist, because it shows that the sphere model
is not just a mathematical construction. Other physical realizations can be invented, such
as the charge-example put forward in [4]. It is also clear by means of this example, that the
hidden-variable x can be interpreted as describing the (hidden) internal construction of the
measuring apparatus, in this case the mechanism of breaking of the piece of elastic. Different
models can be proposed for this mechanism of breaking of the elastic, all corresponding in
principle to different types of elastic, but we shall first of all consider the most simple type
of elastic, and show that it makes the sphere-model a model for a two-dimensional Hilbert
space quantum mechanical entity (e.g. the spin of a particle with spin 1/2).
7

3.1 The uniform sphere model.
Let us suppose that for an arbitrary measurement eu , the hidden-variable x ∈ [−u, u] is uniformly distributed in the interval [−u, u]. We can calculate easily the transition probabilities
related to this situation.
u

v
a

Fig. 2 : The four points u,−u, v and a are
situated in a plane. If we denote by γ(v,u) the
angle between the two vectors v and u, then we
can easily see that a=cosγ(v,u)·u. In this way
we can calculate the lengths of L1 and L2 , and
also the transition probabilities connected with
the possible changes of states under influence
of the measurement eu .

γ(v,u)

O

-u

We see that the three points v, u and −u are situated in a plane through the diameter of
the sphere (see Fig. 2). Also the point a is in this plane, which means that the point P
moves in this plane. Since x is uniformly distributed in the interval [−u, u], we have that
Peu (pu | pv ) is given by the length of [−u , v · u] divided by the length of the total interval
[−u, u], which equals 2. Before we calculate the length of [−u , v · u], we introduce the angle
γ(v, u) between two space-vectors v and u, such that,

cosγ(v, u) = v · u

(4)

Let us now proceed the calculation of the probabilities. We have a = cosγ(v, u) · u, and hence
|[−u , v · u]| = |u + a| = |u + cosγ(v, u) · u| = (1 + cosγ(v, u)). From this follows that :
Peu (pu | pv ) =

1
(1 + cosγ(v, u))
2

(5)

In an analogous way we find :
Peu (p−u | pv ) =

1
(1 − cosγ(v, u))
2

(6)

These transition probabilities are the same as the ones related to the outcomes of a SternGerlach spin measurement on a spin 1/2 quantum particle, of which the quantum-spin-state
in direction v = (cosφsinθ, sinφsinθ, cosθ), denoted by ψ¯v , is represented by the vector
ψv = (e−iφ/2 cosθ/2, eiφ/2 sinθ/2)
8

(7)

of the two-dimensional complex Hilbert space, and the measurement eu corresponding to the
spin measurement in direction u = (cosβsinα, sinβsinα, cosα) by the self adjoint operator
1
Hu =
2

µ

cosα
eiβ sinα

e−iβ sinα
−cosα

¶

(8)

on this Hilbert space. Indeed, let us calculate for example the quantum transition probability
P (ψ¯u | ψ¯v ) of the quantum state ψ¯v into the quantum state ψ¯u , where ψu is the eigenstate of
the self-adjoint operator Hu with eigenvalue + 12 . Following the rules of quantum mechanics,

this transition probability is given by the square of the absolute value of the in-product in
this two-dimensional complex Hilbert space, and hence :
Peu (ψ¯u | ψ¯v ) = | < ψv | ψu > |2
= | < e−iφ/2 cosθ/2, eiφ/2 sinθ/2 | e−iβ/2 cosα/2, eiβ/2 sinα/2 > |2
φ−β
φ−β
θ
θ
α
α
= |ei 2 · cos · cos + e−i 2 · sin · sin |2
2
2
2
2
φ−β
θ−α
φ−β
θ+α 2
= |cos
· cos
+ isin
· cos
|
2
2
2
2
θ−α
φ−β
θ+α
φ−β
· cos2
+ sin2
· cos2
= cos2
2
2
2
2
1
= ((1 + cos(φ − β)) · (1 + cos(θ − α)) + (1 − cos(φ − β)) · (1 + cos(θ + α)))
4
1
= (1 + cos(φ − β) · sinθ · sinα + cosθ · cosα)
2
1
= (1 + v · u)
2
1
= (1 + cosγ(v, u))
(9)
2
In an analogous way we can calculate the transition probability Peu (ψ¯−u | ψ¯v ) of the quantum
state ψ̄v to the quantum state ψ̄−u . We get :

Peu (ψ¯−u | ψ¯v ) = | < ψv | ψ−u > |2
= | < e−iφ/2 cosθ/2, eiφ/2 sinθ/2 | − ie−iβ/2 sinα/2, ieiβ/2 cosα/2 > |2
1
(10)
= (1 − cosγ(v, u))
2
Hence the quantum probabilities P (ψ¯u | ψ¯v ) and P (ψ¯−u | ψ¯v ) are the same as the transition
probabilities Peu (pu | pv ) and Peu (p−u | pv ) calculated in our sphere-elastic-model. This
9

shows the ’equivalence’ of the sphere-elastic-model with the quantum model of the spin of a
spin

1
2

particle.

Definition 1. A sphere model where the hidden variable is distributed uniformly shall be
called a ’uniform’ sphere model.
Theorem 1. The uniform sphere model is a model for a quantum entity described in a two
dimensional Hilbert space.
If we consider again the physical elastic-sphere-example, that constitutes a physical realization of the sphere model, then it is easy to see the uniform sphere model is realized if we use
elastics where the probability of breaking in a certain segment of the elastic is proportional
to the length of this segment. From theorem 1 follows that the physical example with this
types of elastics is a macroscopic physical model for a quantum entity described in a two
dimensional Hilbert space.
3.2 The general sphere model.
We can easily imagine elastics that break in different ways depending on their physical
construction or on other environmental happenings. These different elastics shall correspond
to the situation where the hidden variable x ∈ [−u, u] is distributed in a non-uniform way.
We can describe such a general situation by a distribution ρ, (that for the physical elasticsphere-example describes the probability distribution of ’breaking’ of the elastic), in the
following way:
ρ : [−u, u] → [0, +∞[
such that

Z

ρ(x)dx

(11)

(12)

Ω

is the probability that the hidden variable x ∈ Ω ⊂ [−u, u] (in case of the physical elasticsphere-example this is the probability that the elastic breaks in Ω). We also have :
Z

ρ(x)dx = 1

(13)

[−u,u]

(which in the case of the physical elastic-sphere-example expresses the fact that the elastic
always breaks during a measurement).
10

Definition 2. A measurement eu where the hidden variable x ∈ [−u, u] is distributed as
described by ρ shall be called a ρ-measurement and denoted by eρu .

In figure 3 we have represented such a measurement eρu , and drawn the probability distribution function ρ(x) such that the definition interval of this function coincides with the line
joining the points u and −u. The transition probability that the particle P arrives at point

u under the influence of the measurement eρu , that we denote by Pρ (pu | pv ), is given by
the integral over ρ from −1 to v · u, which is represented by the dark-gray area on figure
3. In an analogous way the light-gray area on figure 3 represents the transition probabil-

ity, Pρ (p−u | pv ), that the particle P arrives at the point −u under the influence of the
measurement eρu .

x

u

v

P

+1

ρ(x)

a

v·u
O

0

-1

-u
u

v

Fig. 3 : We have represented a measurement

v·u

eρu , and drawn the probability distribution ρ(x)
of the hidden variable x, such that the defini-

a
c

-u

tion interval of this distribution coincides with
the line joining the two points u and −u. The
probability that the particle P arrives in the
point u is given by the area contained under
the function ρ from −1 to v·u, the dark-gray
area on the figure, and the probability that the
particle P arrives at the point −u is given by
the area from v·u to +1, the light-grey area on
the figure.

Pρ (pu | pv ) =

Z

Pρ (p−u | pv ) =
11

v·u

ρ(x)dx

(14)

−1

Z

+1

ρ(x)dx
v·u

(15)

A uniform sphere-model is a special case of a general ρ-sphere-model, where ρ is the constant
function 21 , and, as we have shown, this type of sphere-model generates the quantum situation
(fig. 4).
u

v

Fig. 4 : A representation of the uniform probability distribution corresponding to the uniform
sphere model. It generates a model for a twodimensional Hilbert space quantum entity.

v·u

-u

3.3 The classical-deterministic sphere model.
We have considered the general sphere model, where the transition probabilities are described
by a probability distribution ρ, and seen how this general sphere model becomes a two
dimensional quantum model when the probability distribution is a constant function, and
this situation we have indicated by the uniform sphere model. The other extreme is given by
the situation where the hidden variable x ∈ [−u, u] is fixed in a point d ∈ [−u, u], and hence
described by the probability distribution ρ(x) = δ(x − d). In this situation only in the case
where P falls exactly onto d the measurement process is indeterministic, and all other cases
give rise to a determined outcome (for the physical elastic sphere example this corresponds
to the situation where the elastic can only break in the point d). This is the situation
that we shall consider as the classical-limit case, where all fluctuations on the measurement
apparatuses have disappeared.
Now that we have identified the quantum situation (uniform measurements), and the
classical situation (deterministic measurements), we can see easily that the general situation
of a ρ-sphere model represents an intermediate situation. We shall study in the following
these intermediate situations and see that they are neither classical nor quantum.
3.4 Introduction of the parameters ² and d.
The intermediate situation that we want to study in this paper corresponds with a situation
where the hidden variable x is distributed uniformly in an interval [d − ², d + ²] ⊂ [−u, u].
12

Hence the probability distribution describing this situation is given by:
1
ρ² = X[d−²,d+²]
2²
where X[a,b] is the characteristic function of the interval [a, b] ⊂ [−u, u], and
d ∈ [−1 + ², 1 − ²]

(16)

(17)

We have represented, along the lines of the other figures, this measurement in figure 5, and
chosen a case where d = 0.2 and ² =

1
2.

If we consider again the elastic sphere model,

then this situation corresponds to an elastic that breaks in a uniform way in the interval
[d − ², d + ²], while it is unbreakable in the intervals [−1, d − ²] and [d + ², 1]. We have
represented in figure 5 two cases. If v is such that v · u ∈ [d − ², d + ²], the measurement eu is
still indeterministic, in the sense that after the measurement the point P being in v can end
up in u, and then the state pv has been changed into the state pu , or it can end up in −u, and
then the state pv has been changed into the state p−u . If v is such that v · u ∈
/ [d − ², d + ²],
then the measurement eu is deterministic, and the point particle P located in v ends up with
certainty in u, or with certainty in −u.
Definition 3. A measurement eu with a hidden variable x distributed uniformly in the
interval [d − ², d + ²] ⊂ [−u, +u] shall be called an ²-measurement, and denoted by e²u,d .
u

u

v
ε

ρ (x)

d+ε

ε

ρ (x)

d+ε

d

d
d-ε

v

d-ε

-u

-u

Fig. 5 : A representation of the measurement e²u,d and a drawing of the probability distribution function
connected to it. We have chosen a case where d=0.2, and ²= 21 . If we consider the sphere-example realizing
this situation, then the elastic breaks uniformly inside the interval [d−²,d+²], and is unbreakable outside this
interval, in the points of the set [−1,d−²]∪[d+²,1].

We can analyze the change of states by a measurement e²u immediately from figure 5, but we
can also calculate the probabilities, using (18) and (19). We then have :
Z v·u
P² (pu | pv ) =
ρ² (x)dx
−1
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(18)

Z

P² (p−u | pv ) =

+1

ρ² (x)dx

(19)

v·u

and can consider different cases :
1. d + ² ≤ v · u.
Then P² (pu | pv ) = 1 and P² (p−u | pv ) = 0.
2. d − ² < v · u < d + ²
We have :
P² (pu | pv ) =

Z

v·u
d−²

dx
2²

1
= (v · u − d + ²)
2²

(20)

and
P² (p−u | pv ) =

Z

d+²
v·u

dx
2²

1
= (d + ² − v · u)
2²

(21)

3. v · u ≤ d − ²
Then P² (pu | pv ) = 0 and P² (p−u | pv ) = 1.
We have represented the transition probability P² (pu | pv ) as a function of γ(v, u) and ² for
the case d = 0 in figure 6, and then easily see how the quantum-situation (² = 1) transforms
into the classical situation (² = 0).
For ² = 1 we are in the situation of a uniform sphere model, and ρ1 (x) =

1
2,

and the

sphere model is isomorphic to a two-dimensional Hilbert space model. We can also see that
lim²→0 ρ² (x) = δ(d − x), such that for ² = 0 we are in the situation of a classical sphere
model, without fluctuations.
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Fig. 6 : A graphical representation of the transition probability Pe (u | v) for different angles
θ(u,v) = π−γ(u,v), and for different values of ². One can see on
the drawing how the quantum situation evolves for vanishing fluctuations to the classical situation.
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4. Conclusion.

We have investigated the ²-example in a very detailed way, and we have shown that for
varying ² the amount of quantum behavior present in the example changes. For ² = 1,
corresponding to maximal fluctuations on the measurement apparatuses, we find a model
for the spin of a spin

1
2

quantum entity. For ² = 0, corresponding to zero fluctuations, we

find a classical situation. In between we have intermediate situations, neither classical nor
quantum.
The ²-model that we have proposed in this paper describes a class of intermediate
situations (for each value of ²) but is not yet the general study of the ’intermediate’ situation.
Indeed, we have chosen one parameter ² for all the measurements e²u,d , such that the amount
of fluctuations (the amount of hidden measurements) for each measurement is determined by
the value of this ². In principle this amount of fluctuations could be determined by different
parameters, and even in the extreme case by one parameter per measurement (there would be
then a class of parameters ²u for each point u ∈ surf ). For such a more general description,
there are intermediate situations of a different nature than the ones that we have described
in this paper. In [12] we will outline an approach that is sufficiently general to study also
these types of intermediate situations. The collection of eigen-state sets is then determined
by a closure structure on the state space.
With the sphere model corresponds a realisable physical entity, e.g. the elastic-sphere
example, whereon we have defined realisable physical measurements, that could eventually
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be executed in the laboratory, and will then generate experimental data fitting into a quantum mechanical structure. We are well aware of the strong existing paradigm stating that
quantum-reality is intrinsically different from classical macroscopic reality, and in this way
forbidding to imagine quantum structures existing inside this macroscopic reality. It seems
that our elastic example confronts this paradigm, and indeed it does, and to avoid prejudices
rising immediately we must explain exactly in which way it does.
It is difficult in principle to imagine the physical entity S, the point particle P , at
any state being located in a point of the sphere4 , as a quantum entity. But this difficulty
comes from the fact that we, in our imagination, in preparing and identifying the state
of this physical entity S automatically use measurements other than the eρu that we have
introduced. Usually we ’see’ the point on the sphere and suppose unconsciously that the
’seeing’ experiment is a measurement that is available to us for the study of the entity S that
is the point particle P on the surface of the sphere. What we should do is to imagine the
physical entity S, hence the point particle P on the sphere, as only knowable to us by means
of the measurements eρu that we have introduced. This is indeed exactly the situation that
we encounter when we make investigations about quantum entities in the micro-world. We
cannot ’see’ or ’touch’ these entities, and have only knowledge about them by means of the
measurements that we can carry out on them. This remark makes it possible for us to state
exactly the philosophy of our approach. If we state that the entity S is described by the sets
Σ and E, then we also suppose that the elements of E are the only measurements available
to us for the identification and preparation of the states Σ of the entity S. It is in this light
that our classification scheme, quantum, classical and intermediate, has to be understood.
And we believe that it is the correct way of approaching the knowledge that we have about
the reality of the micro-world.
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