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Abstract

We present a dynamic logic for reasoning about information flow in quantum
programs. In particular, we give a finitary syntax and a relational semantics
for a Logic of Quantum PrograméLQ P), that is capable of dealing with
quantum measurements, unitary evolutions and entanglements in compound
quantum systems. We present a sound proof system for this logic, and we
show how to characterize by logical means various forms of entanglement
(e.g. the Bell states) and various quantum gates. As an example of applica-
tion, we use our logic to give a formal proof for the correctness of the Tele-
portation protocol (proof which can be easily adapted to check Logic-Gate
Teleportation).

1 Introduction

As a natural extension of Hoare Logic, Propositional Dynamic LoBiD() is an
important tool for the logical study of programs, especially by providing a basis
for program verification In the context of recent advances in quantum program-
ming, it is natural to look for @uantumversion of PD L, which could play the
same role in proving correctness for quantum programs that clagaieal (and
Hoare logic) played for classical programs.

The search for such a “quantum dynamic logic” has been one of our main
objectives, in the process of investigating the logic of quantum information flow
in a series of presentations [4, 34] and papers [6, 5, 7]. Several logical systems
have been proposed: in [6] we focused on single quantum systems and presented
two equivalentomplete axiomatizatiorfsr a Logic of Quantum ActionsI{(Q A,
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allowing actions such as measurements and unitary evolutions, but no entangle-
ments). The completeness result was obtained with respect to infinite-dimensional
classical Hilbert spaces, as models $argle quantum system$he challenge of
providing a similar axiomatization foompound systemsas taken up in [5],
where a first proposal forlagic of multi-partite quantum systemss sketched.

In this paper we elaborate further, simplify and improve on the work out-
lined in [5], developing a full-fledgetogic of Quantum Program&@P. This
includes: (1) a simpldinitary syntaxfor a modal languagebased on a minor
variation of classicaP D L, with dynamic modalities corresponding to (weakest
preconditions of) quantum programs; (2)edational semantic$or this logic, in
terms ofquantum states and quantum actions over a finite-dimensional Hilbert
space (3) a sound proof systenwhich includes axioms to handkeparation
locality andentanglement(4) formal proofs (in our proof systerh@ P) of non-
trivial computational properties of compound quantum systgBisan analysis
(with a formal correctness proof) of the Teleportation Protocol

The first fundamental idea underlying our logic is one that was first presented
in [4, 34] and developed in [6], but whose deep “ideological’ roots come from
a long tradition of previous work on dynamic interpretations of quantum logic
(in [18, 19, 20, 3, 10, 14, 11, 13, 12, 35]): this is the idea of havimgiantum
reinterpretationof the language of classicd* DL, in which the “test” actions
p? of PDL (used to capture conditional programs in dynamic logic) are to be
read as'successful measurements” of a quantum propertfi.e. projectors in a
Hilbert space over the subspace generated by the set of states satigfyivigle
the other basic actions @?D L are taken to bguantum gatesi.e. unitary oper-
ators on a Hilbert space). As shown in [4, 34, 6], this immediately allows us to
re-capture in our (Boolean) logic all the power of traditional (hon-Boolean) Quan-
tum Logic: the “gquantum disjunction” (expressing superpositions), the “quantum
negation” (the so-called “orthocomplement’ ¢, expressing necessary failure
of a measurement) and the “quantum implication” (the so-called “Sasaki hook”

S . . .
¢ = 1, capturing causality in quantum measurements) are all expressible us-

ing quantum-dynamic modalitigg?]» (which captureweakest preconditiofs
of quantum measuremehfs In other words: in our logic (unlike other logi-

1But note the difference between our lodi€) P and the approach with a similar name in [9]: our
dynamic logic goes much further in capturing essential properties of quantum systems and quantum
programs, as well as in recovering the ideas of traditional quantum logic (see e.g. [16, 17, 22].

2See e.g. [25] for an introduction to dynamic modalitje$y describing weakest preconditions
ensuring (the satisfaction of some given post-conditiom@fter the execution of an action

SIndeed, it turns out that a quantum implicatid)nﬁ» 1 is simply equivalent to the weakest pre-



cal approaches to quantum systenadl)the non-classical “quantum” effects are
captured using a non-classical “logical dynamics”, while keeping the classical,
Boolean structure of the underlying propositional logic of “static” properties

The second fundamental idea of our approach is the one first outlined in [5]:
addingspatial featurego dynamic logic, in order to capture relevant properties
of multi-partite (i.e. compound) quantum systefeg). separation, locality, en-
tanglement). For this, we use a finite $étof indicesto denote the most basic
“parts” (qubits) of the system, and usets of indiced C N to denote all the
(possibly compound) subsystems; we have special propositional conktans
etc. to express the fact that qubits are in the state | 0) or | +) etc; we use a
basic propositional formuld ; to expressseparation” # (the fact that qubits in
the subsysteni are separated from the rest); and we have a basic program
denoting anon-determined (i.e. randomly chosen) local transformatadfecting
only the qubits in the subsystef. These ingredients are enough to define all the
relevant spatial features we need, and in particular to define the notitocaf)
componenty; of a (global) propertyy, the notion of(7-)local propertyI(y) (i.e.

p is a property of the separatéesubsystem) and the notion @f)local program
I(m) (i.e. w is a program affecting only the-subsystem).

The third fundamental idea that underlies our approach comes from [14] and
[15] (and was further elaborated in a category-theoretical setting in [1]): this is
a computational understanding of entanglement, in which an entangled state is
seen as a “static” encoding of a progranMathematically, this comes from the
simple observation that a tensor prodét® H; of two Hilbert spaces is canon-
ically isomorphic to the spacél; — H; of all linear maps between the two
spaces. But, as noted in [14, 15], this isomorphism hgkyaical meaningthe
entangled stat&;;, that “encodes” (via the above isomorphism) the linear map
m : H; — Hj, has the property thany successful measurement ofiith qubit
(resulting in some local output-stagg) induces a correlative collapse of theth
gubit, whose local output-statafter the collapsels computed by the map(i.e.
itis given by (q),). Sothe above isomorphism captures the correlations between
possible results of potential local measuremdptsthe two qubits). We use this
idea to define formulas;; that characterize such specifically entangled states (by
using weakest preconditions to express potential behavior under possible mea-
surements). The fundamental correlation given by the above isomorphism is then
stated as outEntanglement Axiom; which plays a central role in our system.

condition[p?]%. In quantum logic, this dynamic view can be traced back to the analysis of the Sasaki
hook as a Stalnaker conditional presented in [23, 24] and is reflected upon in e.g. [8, 33].

4This can be compared with thexogenous quantum logic approaith[30], that makes use of
general modal operators to separate subsystems.



This combination of quantum-dynamic and spatial logiavhat allows us to
give a logical characterization of Bell statesd ofvarious quantum gatesandto
prove from our axioms highly non-trivial properties of quantum information flow
(such as the “Teleportation Property”, the “Agreement Property”, the “Entangle-
ment Preparation” and “Entanglement Composition” lemmas etc.).

It is well-known thatP D L, and its fragment the Hoare Logic, are among the
main logical formalisms used iprogram verificationof classical programs, i.e.
in checking that a given (classical) progranc@rect(in the sense of meeting the
required specifications). It is thus natural to expect our quantum dynamic logic
to play a significant role in the formakrification of quantum programsn this
paper, we partially fulfil this expectation by givingfally axiomatic correctness
proof for the Teleportation protocplthe proof can be easily adapted to verify
Logic-Gate Teleportatioand many other quantum programs.

Finally, we mention here some of thimitations of our approachwhich arise
from ourpurely qualitative, logic-basediew of quantum information. The quan-
titative aspects are thus neglected: in our presentation, we folloapbetional
guantum logictradition (for which see e.g. [26, 27]) in abstracting away from
complex numbers, “phases” and probabilities. As customary in quantum logic,
we identify the “states” of a physical system with “rays” in a Hilbert space (i.e.
one-dimensional closed linear subspaces), rather than with unitary vectors, and
consequently, our programs will Bphase-free”. This is a serious limitation,
as phase aspects are important in quantum computation; there are ways to re-
introduce (relative) phases in our approach, but this gives rise to a much more
complicated logic, and so we leave this development for future work. Similarly,
although our dynamic logicannot express probabilities, but only “possibilities”
(via the dynamic modalities, which capture the system'’s potential behavior under
possible actions)here exist natural extensions of this setting to a probabilistic
modal logic One of our projects is to work out the full details of this setting,
developing a proof system for probabilisfic) P.

2 Preliminaries: Quantum Frames

In this section we organize Hilbert spaces as relational structures, qakedum
frames(also calledquantum transition systenits[6]). We first study the quantum
frames of asinglequantum system, then consider systems composgatts(sub-
systems): these are calledmpoundor multi-partite) quantum systemsn this

later case we restrict our attention to systems composed of finitely many “qubits”.



2.1 Single-System Quantum Frames

A modal framas a set oktatestogether with a family obinary relationsbetween

states. A (generalized)DL frameis a modal framgX, {g}sa, {S}aen),
in which the relations on the set of statgsare of two types: the first, called
testsand denoted by'?, are labelled with subseis of ¥, coming from a given
family £ C P(X) of sets, calledestable propertieghe others, calledctions are
labelled with action labels from a given seA.

Given aPDL frame, there exists a standard way to give a semantics to the
usual language dPropositional Dynamic LogicClassicalP DL can be consid-
ered as a special case of such a logic, in which tests are givelagsical tests

s 2 tifand only if s =t € S. Observe thatlassical tests, if executable, do not
change the current state

In the context of quantum systems, a natural idea is to replace classical tests
by “quantum tests”, given byuantum measurement$ a given property. Such
tests will obviously change the state of the system. To model them, we introduce
a special kind of? DL frames:quantum framesT he “tests” are essentially given
by projectorsin a Hilbert space. In [6], we considerddD L with the above-
mentioned standard semantics, having the same clauses in the classical case, but
interpreted in quantum frames. What we obtained wasiantum PDL-whose
negation-free part with dynamic modalities for quantum tests was equivalent to
what is traditionally called “(orthomodular) quantum logic” (see e.g. [16, 17, 22]).
In this paper, we extend the syntax of this logic to deal with unitary evolutions,
entanglements and some quantum protocols.

Recall that Hilbert spacel is a complex vector space with an inner product
(— | —), which is complete in the induced metric. Thdjoint (or Hermitian
conjugatg of a linear mapF’ : ‘H — H is the unique linear map™ : H — H
st. (x| F(y)) = (F'(z) | y), for all z,y € H. For any closed linear subspace
W C H, theprojector Py, : H — H ontoW is given by: Py (u + v) = u,
foralluw € W,v € W. Projectors are linear, idempoted® ¢ P = P) and
self-adjoint PT = P). A unitary transformationis a linear mapl/ on H s.t.
UoU' =U'oU = id, whereid is the identity orf{. Unitary operators preserve
inner products.

In Quantum Mechanics, projectors are used to represeantesful) measure-
ments A measurement is in fact setof projectors (over mutually orthogonal
subspaces); but, whenever a measurement is succesfully perfarntgdneof
the projectors is “actualized”: the outcome is given by that particular projector. In
Quantum Mechanics, unitary transformations represamrsible evolutionsf a
system. In Quantum Computation, they correspongutantum-logical gates



Quantum Frames Given a Hilbert spacé, the following steps construct a
Quantum (PDL) Frame

S(H) == (5 {5 see, {2 }vew)

1. LetX be the set obne dimensional subspacefH, called the set oftates
We denote a state = 7 of H using any of the non-zero vectorse H
that generate it, as a subspace. Note that any two vectors that differ only in
phase(i.e. x = Ay, with A € C with |\| = 1) will generate the same state
T=7y€X.

2. Call two statess andt in X orthogonal and writes L ¢, if every two
vectorsxz € s,y € t are orthogonal, i.e. iffx € sVy € t{x | y) = 0.
Equivalently, we can state thatl ¢ iff 3z € s,y € t withz £ 0,y # 0
and(z | y) = 0. We putS+ := {t € ¥ | t L sfor alls € S}; and we
denote byS = S++ := (S+)* the biorthogonal closure &. In particular,
for a singleton{z}, we just writez for {z}, which agrees with the notation
T used above to denote the state generatecl by

3. A set of statesS C ¥ is called a(quantum) testable propertyf it is
biorthogonally closegdi.e. if S = S. (Note thatS C S is always the case.)
We denote byC C P(X) the family of all quantum testable properties. All
theothersetsS € P(X) \ £ are callechon-testable properties

4. There is a natural bijective correspondence between the fatnady all
testable properties and the famity of all closed linear subspacé® of H,
bijection given byS — Wgs =: |JS. Observe that, under this correspon-
dence, the image of the biorthogonal closiref any arbitrary sef C
is the closed linear subspacgS C H generated by the unidp) .S of all
states inS.

5. For each testable propetyc L, there exists a partial m&§y? on %, called
aquantum testif W = Wg = (J S is the corresponding subspace7gf
then the quantum test is the map induced on states lprdlfector Py, onto
the subspac#®’. In other words, it's given by:

S?(7) = Pw(x)eX, ifT¢ St (ie. if Py(zx)#0)
S?(Z) := undefined, otherwise
We denote by‘ﬂg ¥ x X the binary relation corresponding to the partial

map.S?, i.e. given by:s 5% tifand only if S?(s) = t. So we have family
of binary relations indexed by the testable properites L.



6. For each unitary transformati@hon 7, consider the corresponding binary
relationgg ¥ x X, given by: s Y tif and only if U(z) = y for some
non-zero vectors: € s,y € t. So we obtaira family of binary relations
indexed by the unitary transformatiob’se U (wherel/ is the set of unitary
transformations ofi).

So a quantum frame is just/aD L frame built on top of a given Hilbert space
‘H, by taking one-dimensional subspaces as “states”, projectors as “tests” and uni-
tary evolutions as “actions”. Our notion of “state” in this paper is closely con-
nected to the way quantum logicians approach quantum systems. As mentioned
in the Introduction, this imposes some limits to our approach, mainly that we will
not be able to expreghaserelated properties.

Operators on states, adjoints and generalized test3o generalize our notations
introduced earlier, observe that evdityear operator /' : H — H induces a
partial mapF' : ¥ — X on states (i.e. subspaces), givenB{z) = F(z), if
F(z) # 0 (and undefined, in rest). (Note tHatearity ensures that this map on
states is well-defined.) In particular, every m&p ¥ — X obtained in this way
has aradjoint FT : ¥ — ¥, defined as the map on states induced by the adjoint
of the linear operatoF' on H. Observe that, for unitary transformatiob’s the
adjoint is the inversel/T = U~! Also, one can naturally generalizgiantum
teststo arbitrary, possiblyion-testable propertiess C X, by putting: S? := S?.
So we identify a test of a “non-testable” propefywith the quantum test of its
biorthogonal closure. Observe thgit" = S? (since projectors are self-adjoint).

Measurement (Non-orthogonality) Relation For all s, ¢t € ¥, lets — ¢t if and

only if s 5% ¢ for some propertys € L. In other wordss — ¢ means that one can
reach state by doingsome measuremeaoh states. An important observation is
thatthe measurement relation is the same as non-orthogomality- ¢ iff s / ¢.

Quantum Actions. A quantum actions any relationk C ¥ x X which can be
written as an arbitrafyunion R = | J; F; of linear mapsF; : ¥ — X. The family

of quantum actions forms@mplete latticgwith inclusion), having set-theoretic
union RU R’ as supremum. Notice also that this family is closed umelational
compositionR; R’ := {(s,t) € ¥ x ¥ : Jw € X(s,w) € R,(w,t) € R'},
and iterationR* := |J,., R" (whereR" = R;R;--- R is a composition of
terms). Quantum actions areadational (input-output) representation of quantum
programs Indeed, in our dynamic logic we will interpret (the dynamic modalities
for) quantum programs as (weakest preconditions of) quantum actions.

5The non-orthogonality relation has indeed been used to introduce an accessibility relation in the
orthoframe semantics within quantum logic [22, 21].
5i.e. possibly infinite.



Weakest Precondition, Image, Strongest Post-condition and Measurement
Modalities. For any propertyl’ C ¥ and any quantum actioR C ¥ x X, let
[RIT :={seX:Vte X(sRt =t eT)}and(R)T := X\([R](X\T)). Simi-
larly, put R(T') := {s € ¥ : 3t € T suchthatRs}. We also putR[T] := R(T)
for the biorthogonal closure of the image. Finally, puf := {s € 3 : V(s —
t=teT)}and OT := X\ (O(Z\T)).

Observe thafR]T expresses theveakest preconditiofor the “program”R
and post-conditiofl’. In particular,[S?]T expresses the weakest precondition en-
suring the satisfaction of properiyin any state after the system passes a quantum
test of propertyS. Similarly, (S?)T means that one can perform a quantum test
of propertyS on the current state, ending up in a state having progertiR(7")
is theimageof 1" via R, which is in fact thestrongest property (among all proper-
ties inP(X x X)) ensured to hold after applying prograR if a preconditionT’
holds at the input-stateThis is the "strongest postcondition” in an absolute sense.
However, thestrongest testable postconditi¢gensured to hold after running if
preconditionl” holds at the input state) is given 7). 0T means that property
T will hold afteranymeasurement (quantum test) performed on the current state.
Finally, &T" means that property’ is potentially satisfiedin the sense that one
can do some quantum test to reach a state with profierty

Lemma 1. For every propertys C ¥, we haveSt = [S?]) = ¥\ ©S and

S =008,

Proposition 1. For every propertyS C %, if T € L (i.e. is testable), then
08, S+, [S?T € L (are testable), and more generdlR|T < L, for every quan-
tum relationR. For every state € 3, we have{s} € L, i.e. “states are testable

Proposition 2. A propertyS C X is testable if and only if any of the following
equivalent conditions hold:

e S=25;
e 3T € ¥ such thats = T+;
e J7 € ¥ such thatS = OT.

Quantum Joins. The family £ of testable properties is @mplete latticavith
respect to inclusion, having as its meet set-intersecion’’, and as its join the
biorthogonal closure of set-uniotiLl 7' := S U T, called thequantum joinof

S andT. For any arbitrary property C 3, we haveS = | [{{s} : s € S} =
({T € £ : S C T}, so the biorthogonal closure ¢f is the strongest testable
property implied by (the propertys.




Theorem 1. The following properties hold in every quantum frade= > (H):

1. Partial functionality If s 5% tands 5 v thent = .

2. Trivial tests L= ¢ andZ= Ay, whereAy = {(s,s) : s € X} is the
identity relation on: x X.

3. Atomicity States are testable, i.fs} € L.
This is equivalent to requiring that “states can be distinguished by tests”,
ie. ifs#tthendPeL: sL Pt )P

4. AdequacyTesting a true property does not change the state:
if s ¢ Pthens 2 s

5. Repeatability Any testable property holds after it has been successfully
tested: ifs 25 ¢ thent € P

6. Compatibility
If S,T € L are testable an8?; 77 =T7; S? thenS?;T7? = (SN T)?.

7. Self-Adjointnessif s % w—t then there exists some element ¥ such
thatt 25 v—s

8. Proper SuperpositionEvery two states of a quantum system can be prop-
erly superposed into a new stat&;, ¢t € >3Jw € ¥ s—w—t

9. Unitary Reversibility and TotalityBasic unitary evolutions aretal bijec-
tive functions, having as adjoint their inverse

U, UT =0t U =id
whereid is the identity map

10. Orthogonality Preservation Basic unitary evolutions preserve (non) or-

thogonality: Lets, ¢, s’,t € ¥ be such that Y sandt % +. Then:
s —tiff s —t.

Proofs Partial functionalityfollows from the fact that projectors correspond
to partially defined maps ifi. Trivial testsfollows from the fact that projecting
on the empty space yields the empty space and that projecting on the total space
doesn’t change anythingAtomicityfollows from the fact that states are nothing



but one-dimensional closed linear subspaces, i.e. atoms of the lattice of all closed
linear subspaceAdequacyollows from the fact that for every € W we have
that Py (x) = z. Repeatabilityfollows from the fact thaiPy, (x) € W for every

x € H. Compatibilityfollows from the fact that if two projectors commute, i.e.
Py o Py = Py o Py, thenPy o Py = Pyny. Self-Adjointnes$ollows from

the more general Adjointness theorem stated below, together with the fact that
projectors are self-adjoint (i.65?" = S?). Proper Superpositionsan be proved

by cases: Ifs £ t,i.e. lets — ¢, thenw =s = s —- s — t. If s L ¢, i.e. let

s /4 tthenlets = z,t = y with z, y € H. Take the superposition+y € H of z

andy and note that + y # 0 (since fromz +y = 0 = z = —y = s = ¢ which
contradictss / t). Next observe that / (x + y) (Indeed, suppose L (z + y)
then(z | x+y) = 0 and thenz | z)+(z | y) = 0; butz L yimplies(z | z) = 0.

So from(z | z) = 0 follows thatz = 0, which yields a contradiction). Similarly,

we gety £ (z + y). The last two conditions are immediate consequences of the
definition of a unitary operator.

Note that, as a consequence of the “Proper Superpositions” prapertdouble-
box modalitydd coincides with the universal modaljtye.: 0OS # @ iff S = 3.

Theorem 2. (Adjointness) Let ' be a quantum map and letw, ¢ € X be states:
T
If s 5 w—t then there exists some state ¥ such that = v—ss.

Proof. To prove this theorem we use the definition of adjointness in a Hilbert
space:(Fz | y) = (z | FTy). From this, we get the equivalencg'z | y) = 0

iff (x, F'y) = 0; or, otherwise stated;x | y iff 2 1| F'y. Taking the negation

of both sides and using the fact that the measurement relatianis the same

as non-orthogonalitg / ¢, we obtain the equivalenceiw(z Lo — ) iff

!
G5 -7).

This proves the adjointness property. As a consequence:

Corollary 1. For every property? C X and every linear map’ we have:P C
[FIO(FtYoP

Corollary 2. If F'is a quantum map, then

Fi(s) = ([Fls*) "

Proof  Using the fact that the negation of the measurement accessibility
relation— is the orthogonality relatiod , we immediately obtain from the above
Theorem that:

s L FT(t)iff t L F(s),

10



ie.
se (FU)Liff F(s)ett.

From this, we obtain thatF'f(¢))* = [F]t+. SinceF' is amap F(t) is a
(single) state, so it is testableproperty. Hence, we havé’ (t) = (FT(t))++ =
([F]e4)*

This result leads us to the following natural generalization of the notion of
adjointto all quantum actions

Adjoint of a Quantum Action . For every quantum actioR C ¥ x X, we define
arelationR’ C ¥ x ¥ by:

sRt iff t L [R]st

or, in other words,

Proposition 3. For all quantum action®®, Z C > x 3, statess,t € 3 and
propertiesS C 3, we have the following:

1. R'is a quantum action;

2. if R = Fis a (Quantum, i.e. linear) maghen the relational adjoink’
coincides with the Hermitian adjoidt’ (of F as linear map).

s LRI(t)iff t L R(s).
(R; 2)' = Zt; R,
(RUZ)t =RtuZt.
R[S] = ([RT]SH)*.

o o M w

"We identify a mapF’ : ¥ — ¥ with its graphF C ¥ x %, i.e. quantum maps are special cases
of quantum relations, which happen to be be partial functions? Se F' means that the two sides are
equal, as relations.

11



2.2 Compound-System Quantum Frames

In this subsection we like to extend the quantum frame presented above for single
systems into a quantum frame for compound systemsHUe¢ a Hilbert space of
dimensiore with basis{| 0), | 1) }. We fix a natural numbet > 2 (although later

we will restrict to the case > 4), and we putNV = {1,2,...,n}. A compound-
system quantum franvell be the quantum fram& (., ) build on a Hilbert space
H,=H"=H®H®..® H(n times).

Notation. In fact, we consider all the copies of H as distinct (although iso-
morphic) and denote byZ () the i-th component of the tensdi®". Also, for
any set of indiced C N, we putH; = H®! = ®,_, H". (So, in partic-
ular, Hy = H, = H.) We denote by; : H — H® the canonical isomor-
phism betweert{ and+("). This notation can be extended to séts= N of
indices of lengthI| = k, by puttinge; : H®* — H; to be the canonical iso-
morphism between these spaces. Similarly, for eacl set N, we denote by
pr = Hr ® Ha\; — H the canonical isomorphism between these two spaces. For
any vector| z) € H, we denote by 2)®! = ®,_; | z)®7 the corresponding
vector inH; (obtained by tensoringd | copies of| ) ). Givenasef C N, we say
that a states € 3(H) has its/-qubits in states’ € X(H;), and writes; = ¢/, if
there exist vectors € s, ¢’ € H; andy)” € Hy\; such that) = pr (¢ @ ¥").
Note that the statey, if it exists, then it is uniqué¢having the above property).
We say that the stateis I-separatedff s; exists. In thus casey is called the
(I-)local componentor local statg of s. In particular, wher = {i}, the local
component; € Hy;, = H is calledthei-th coordinateof the states.

We will further denote the vectdr0)+ | 1) by | +), and similarly denote
| 0)— | 1) by | —). For the states generated by the vectors in a two dimensional
Hilbert space we introduce the following abbreviatiors:= | +), — := | —) ,
0:=]0),1:=|1). Inorder to refer to the state corresponding to a pair of qubits,
we similarly delete the Dirac notation, .60 := | 00) = | 0)® | 0). The Bell
states will be abbreviated as followSy, := | 00)+ | 11) , Bo1 := | 01)+ | 10),

The following two results are well-known:

Proposition 4. Let H" and H) be two Hilbert spaces. There exists a bijec-
tive correspondence between the linear mags : HY) — H() and the states

of H® @ H. Given the baseée}, and {Eg)}g of these spaces, the corre-
spondence) is given by the mapping’ = 3,3 mas <e,()f) | ﬁ.e}f) into the state
Y(F) = Bapiap .2 @ €.

12



Proposition 5. LetH = H®" and letW = {z® | 0)®"~Y : z € H} be
given. Any linear mapF’ : H — H induces a linear map(,y: H — H in a
canonical manner: it is defined as the unique mapHosatisfying Fi;)(z) =
Py o F(z® | 0)2(=1), Conversely, any linear ma@ : H — H can be repre-
sented a& = F{, for some linear mag : H — H.

Notation. The above results allow us to specify a compound stafé(ih@ H )

via some linear map’ on H. Indeed, ifF' : H — H is any such linear map, let
Fy : H — H be the map in the above proposition; this induces a corresponding
mapF((fg) . H® — HU) by puttingF(fg) = €; 0 Fly) o ¢; ', Whereg; is

the canonical isomorphism introduced above (betwi#eand thei-th component
H® of H®™). Then we denote by';;, the state

B )
Flij) = 9(Fy))

given by the above mentioned bijective correspondenbetweenH () — H)
andH® @ H) . The following result is also known from the literature:

Proposition 6. Let F' : H — H be a linear map. Then the stafegij) is “entan-
gled according td™; i.e. if Fiqy(| =)) =| y) and if the state of a 2-qubit system
is F(;;) € HY @ HY, then any measurement of qubitesulting in a state;
collapses the qubijt to statey; .

In our axiomatic proof system, we will take (a syntactic counterpart of) this
result as our central axiom, the “Entanglement Axiom”.

Notation. The notationf(,-j) can be further extended to define a property (set

of states)F;; C ¥ = X(H), by defining it asthe set of all states having the
{i, j}-qubits in the statd";; :

Fi; = {sex: S{ij} = F(ij)}
{niy (@ V) 19 € Frijy, ' € Hagajp} €8

wherepy; ; is as above the canonical isomorphism betwag;; @ Hnn (4,53 -

In other words F';; is simply the property of an-qubit compound state of having
its i-th andj-th qubits (separated from the others, and) in a state that is “entangled
according tof™ .
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Local properties and separation Given a setfl C N, a propertyS C X islocal
in I if it corresponds to a property of the subsystem formed by the qubitsiim
other words, if there exists some propestyC Y:(H) such that:

S'={seX:s;€8}

or, more explicitly: S’ = {u; (v ®@¢’) : ¥ € S',¢' € Hn\s}. An example
is the propertyF;;, which is {i, j}-local. The family of local properties forms a
complete latticgwith inclusion) in which the join is given bunion S U T, the
atomscorrespond tdocal statesand thegreatest elemeris the property

T¥ :={s€¥:sis] — separatefl = U{S C%:SisI —local}

that defineseparation a states is I-separated ifs € T. The family of local
properties is closed under union, intersectionrmitunder complementation

Local Maps. GivenI C N, alinear mapF' : H — H is I-local if it “affects only
the qubits in/ “; in other words, if there exists a map : H; — H; such that:

Foug (7/1@2[1/) = pur (G(v) ®77[}/)

AmapF : ¥ — Yis/-localifitis the map induced o by an/-local linear map
on’H. Examplesare: all the tests;? of I-local properties; logic gates that affect
only the qubits inZ, i.e. (maps orx induced by) unitary transformatior$; :

H — H such that for alty, )" € H;, we havel; o ur (v @) = pur (U () @4'),
for someU : H; — H;. The family of local maps is closed under composition.

Local actions A local actionis a quantum actio® C ¥ x X that that can be
written as an arbitrafyunion of local maps. The family of local actions forms a
complete latticgwith inclusion), in which the join is given bynion R U R’, and
the greatest elemerns the action

7%= J{F:2 - 2: FisanI — local map}

Lemma 2. (“Teleportation Property”)If s is ani-separated state having itsh
qubits; inthe stater € H, then after doing two successive bipartite measurements

G, followed by F;;?, thek-th qubit (:-th component of) the output-state is:

(FTJ“? oGijk‘?(s))k =Gy o Fy)(z)

8j.e. possibly infinite
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Lemma 3. (“Entanglement Composition LemmaThe main lemma in [15]
states (in our notation) that, given a quadrupledadtinct indicesi, j, k, [, let
F.G,H,UYV : H — H be single-qubit linear maps (i.el-local transforma-
tions), then we have:

Gj?oVyoU; (FijNHy) C (HoUtoGoVoF),

[15] and [1] use these last two lemmas as the main tool in explaining teleportation,
guantum gate teleportation and many other quantum protocols. We will use this
work in our logical treatment of such protocols, by formally proving (syntactic
correspondents of) these lemmas in our axiomatic proof system, and then using
them to analyze teleportation.

Observe that in the above Lemma, the order in which the operdtipaadV/
are applied is in fadtrelevant This is a consequence of the following important
property of local transformations:

Proposition 7. (Compatibility of local transformations affecting different sets of
qubits)If INJ = @, Fyis anI-local map and~; is a.J-local map, then we have:

FroGy=G 0Fy

Another important property of local maps (state3 is:

Proposition 8. ( “Agreement Property”)Let F;, Gy : ¥ — ¥ be two I-local
maps on states, having the same dofaiormn(F) = dom(G). Then their
output-states agree on all ndrgubits, i.e. for alls € X:

F(s)na = G(s)nr

whenever both sides of the identigxist(i.e. whenever botl(s) andG(s) are
I-separated

Dynamic Characterizations of Main Unitary Transformations.

It is well-known that a linear operator on a vector space in a given Hilbert space
is uniquely determinetly the values it takes on the vectors of an (orthonormal)
basis. An important observation is that this fact is no longer “literally true” when

9The domain of a map is defined bipm(F) = {s € ¥ : F(s)isdefined}. If F’ is the
corresponding linear map dH, this means thadom(F) = {+ : F'(¢) # 0}.
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we move to “states” as one-dimensional subspaces instead of vectors. The reason
is that “phase”-aspects (or, in particular, the sigas$ and “—") are not “state”
properties in our setting. In other words, two vectors that differ only in phase,
i.e x = Ay where) is a complex number with A |= 1, belong to the same
subspaces, so they correspond to the sameBtatg.

Example 1. (Counterexample) Consider a 2 dimensional Hilbert space in
which we denote the basis vectors p9) and| 1), a transformatior? is given
by I(a| 0) + 5| 1)) = o | 0) + B | 1); and a transformatiol is given by
J(a] 0) + 3| 1)) =« | 0) — 8 | 1). AlthoughT and.J induce different operators
on states , these operators map the basis states to the same images:

10) = I(10)) =0=J(] 0)) = J(0), I(1) = I(| 1)) =1 == |1) = J(| 1)) =
J(1). But of course we do distinguish the subspaces generated by different super-
positions:I(+) = | 0)+ | 1) =+ #—=|0)— | 1) = J(+).

Proposition 9. A linear operator on the state spaféH;) of a 2 dimensional

Hilbert space is uniquely determined by its images on the sta@s} 1), | +).

Corollary 3. A linear operator on the state spatéH,,) of the spaceH,, is
uniquely determined by its images on the states:

{lz) @@ x)n [ )i € {[ V)i | 0)i, | +)it}

In the definition of a quantum frame given above, we introduced thé{sas

the set of unitary transformations for single systems. For compound systems
the setl/ will be extended with the kind of operators that are active on com-
pound systems. Following the quantum computation literature, weltake
{X,Z,H,CNOT,...} whereX, Z and H are defined by the following table:

|of2]+
X[[1]0]+
Z[[o|1]-
H{+|-]0

The transformatiol NOT is given by the table:

[ 0001 [0+ [11][10] 14+ ] +0 ]| +1 ] ++
CNOT [[00 [ OL [0+ [ 10 [ 11 [ 1+ [ Boo | Bor | 7
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3 The Logic LQP

Syntax of LQP
To build up the language ofQP, we are given a natural number and we
put N = {1,2,...,n}. We start from a se@ of propositional variablesa set

C of propositional constantsand a set/ of program constants, denotilgsic
programs to be interpreted aguantum gate§i.e. unitary transformation each
program constarl/ € &/ comes together with an inddxwhich is a sequence of
distinct indices inV; the index gives us the set of qubits on which the quantum
gateU is active; when we want to make explicit the index, we write é/g.for

an /-local quantum gates. In particular, for every < n, we are given some
special program constantsN OT;;, X;, H;, Z;, ... € U. Similarly, we are given
two special propositional constarits+ € C, the first denoting the separated state
| 1)®" =| 1)@ | 1) ---® | 1) and the second denoting the state)®" =

| )@ | +)---® | +). The syntax ofLQ P is an extension of the classical syntax
for PDL, with a set of propositiondbrmulasand a set oprograms defined by
mutual induction:

g o= Tr | p | c | = | whe | [1e
7 ou= T; | ¢? | U | ot | 7ur | mn

Here, we takd to denote sequences of distinct indicedin= {1,2,...,n}. The
sentencel ; expresseg-separation it is true iff the qubits inf form a separated
subsystem. S@ ; denotes the greatest elemén of the lattice ofl-local prop-
erties. In particular, the sentence:= T y denotes the “always true” proposition
(verun), i.e. the “top” of the lattice of all properti€§. The constructs-y and
o A p denote classical negation and conjunction, while the construct given by dy-
namic modalitie$r|p denoteshe weakest precondition that ensures that property
o will hold after running programr.

On the program sideT ; denotes thérivial I-local action T3>, which acts
on any given/-separated state by keeping unchanged\¥hel subsystem, while
changing the subsystem to any randomly pickédsystem. In other words] ;
is the union of alll-local actions. The meaning of quantum test adjoint~f,
union7 U 7 and compositionr; 7 is given by the corresponding operations on
guantum actions.

Notice that we did not includé@eration (Kleene star) among our program
constructs: this is only because we do not need it for any of the applications in

ONotice also the distinction between the constanfcharacterizing the qubjt1) ;) and the con-
stantT; (denoting the property of beingseparated).
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this paper. Indeed, most quantum programming does not inwohiée-loops;
but (as pointed in our Section 6) one can of course add iteration to our logic, if
needed.

Extending the Basic Language ofLQ P. We extend our language by defining
the operations for alassical disjunctiorand aclassical implicationin the usual
way, i.e.pV1 = (A1), p — 9 := V. We introduce constanterum
T := Ty, andfalsumL := =T. We define thelassical duabf [7]¢ in the usual
way as(r) := —[n]—p ; themeasurement modaliti€s and< that are known in
the quantum logic literature can be definedi@ P by puttingOp := (p?) T and
Op := =, Theorthocomplemeris defined as- ¢ := O-, or equivalently
as~ ¢ := [p?] L. By means of the orthocomplement we define a binary operation
for quantum joinp L ¢ :=~ (~ @A ~ ). This expressesuperpositionsy LI ¢
is true at any state which is a superposition of states satisfyiogy.

We also introduce some notions and notations for programs: we call a program
« deterministicf 7 is constructed without the use of non-deterministic chaice
or of the non-deterministic program;. Also, we put

for the program which (given an{i, j}-separated input state) permutes tHe
and thej** components. Finally, we put
id = T7?

for theidentity map.

Order, Equivalence, Orthogonality, I-equivalence, testability, locality, sepa-
ration. We can internalize the relationslofjical equivalence, being weaker than,
and-equivalencdetween formulas, the propertieso€ality andtestability, and
the notion of7-componenby defining the following formulas:

p<y = 0O0(p—1)

p=1v¢ = 0O0(p< )

e L = <~y

T(p) = ~vp<p

o1 = TiA{Tmne

p=1v = @<TrAY<TrANpr=1vyr
I(¢) = p=r

Recall from Section 2.1 that the double-box modality coincides with the universal
modality: so indeegb < ) means thap is logically weaketthan, while ¢ =
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means the formulas aeguivalent We readl’(¢) as saying that¢ is testable”,
and I(y) as “p is I-local”. We ready; as “theI-component ofy ": a state
satisfies this sentence iff (it &separated and) it&subsystem is (a subsystem of
some state) satisfying. ForI = {i}, we writep; := ¢7. We ready =; ¢ as
“ v is I-equivalent toy)": the meaning is thaboth p and1) are I-separated and
have the samé-componentFinally, we say thap is I-separatedff o < T.
Notice that it obviously follows from these definitions tleaeryl-component
pr is I-local.

Special Local StatesWe can introduce some more propositional constants (which
will denote special local stateS), by putting::=~ 1, and—; :=~ +;.

Image and Strongest Post-condition We define thestrongest testable post-
conditionz[¢] ensured by (applying a program)on (any state satisfying a given
precondition)y, by putting

In the case thap is assumed to btestableandr is deterministi¢ the strongest
postconditionr[y] coincides with theémager () of ¢ via 7. The definition of
image of a testable property via a prograniy) can be extended tall programs
which are finite unions of deterministic prograny putting, for alltestablefor-
mulas¢: w(¢) = w[¢] if 7 is deterministic, andr U 7')(¢) = 7(¢) V 7' (¢) in
rest.

Notice thecontrast with classicalPDL: unlike the classical version, our
quantumP DL (as considered above, iwithout program conversé) has enough
expressive power tdefine strongest post-conditions (and, in a restrict contexts,
images) using weakest preconditibifie reason is that, in some context, the no-
tion of adjoint can replace the notion of converse. But notice that converse itself
is notexpressible in our logic. This is for the best: the converse of a quantum ac-
tion has no physical meaning (except in the case of reversible, unitary evolutions),
while the adjoint is physically meaningful.

Notation: For any sequencé C N of indices and any vectat = (c(i));c; €

{0,1,+}11, we set
&= J\ c(i)i

i€l

UThere also exists a version 6fD L with a program converse operatar—, such that the acces-
sibility relation for the converse ™~ is defined as the converse of the accessibility relationrfofhat
stronger logic can obviously express strongest post-condition of a programing the existential
dynamic modalities, since(¢) = (7).
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The unary maps induced by a program: We want to capture in our syntax
the constructionf{;), by which a linear mag-” on H®™ was used to describe a
unary mapF;y on H. For this, we put:0;! := 0;7 U (1;7; X;), and0;! :=
0;,% 05,0 --+;0;. !, wherel = (iy,is,...,i;). This maps any qubit i to 0.
Similarly, we put;0;? := (0;; A 0;, A--- A0;,)7. Finally we define:

(i) 2= On\ gy 5 7 O gy ?

This is the map we need (which encodes a single qubit transformation). In fact,
we shall only user(;) in the rest of this paper. We also want to consider the
H; — Hj-version of the transformation ), so we put:

mij i= flip1i; m(1y; flipy;

Local programs. We would like to isolatdocal programs i.e. the ones that
“affect only the qubits in a given sétC N”. For this, we define a formulé(n)
meaning “programr is I-local”:

I(m) = /\ (JN\I = (@ Adag) =1 W(EI/\CZ;N\I)>
& d,d’

where the conjunction is taken overalkt {0, 1, +}land alld, & € {0,1,+}" 11,
Note that this definition is a simple formal translation of the semantic clauses

that express the fact that program“acts only locally” (affecting only thel-

subsystem, and in a way that depends only on/teabsystem of the input state)

on the states of the formi (with ¢ € {0,1,4+}). As we will see, one of our

axioms below (“Determinacy of deterministic programs”) ensures that this clause

is enough to ensure that progranacts locallyon all (I-separated) states

Entanglement according tor. To describe states that are “entangled according
ton 7, we introduce the following formula:

Tiio= T A\ (@) A~ e — mijler) = 1))
ce{0,1,+}
Then, as a consequence, we will have the following obvious validity:
¢i?(Tij) =; mij(ci)

for everyc; € {0;, 1;.+:}.
Again, note that the identity in this definition is a formal translation of the
semantic clause defining “entanglement according to an actiat’only for the
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particular case of local states of the forn(with ¢ € {1,0,+}). And again, one

of our axioms below (the “Entanglement Axiom”) ensures that the above identity
holds (not only for the elements, but) for all i-local states(i.e. all testable
i-local properties).

Semantics of LQ P

An LQP-modelis amulti-partite quantum fram& = () based on am-
dimensional Hilbert spacg{, together with avaluation function mapping each
propositional variable into a set of statel p ||C X . We will use the valuation
map to give an interpretatidih ¢ || C ¥ to all our formulas, in terms of quantum
properties of our multi-partite frame, i.e. sets of statek.iin the same time, we
give an interpretatiof| 7 || C ¥ x X to all our programs, in terms afuantum
actions The two interpretations are defined tmyutual recursion

Interpretation of Programs.

Impal = T e ] = lell?
Ul = U | = |[x]f
lmuUm |l = [[m [Ullm [l [[7msme ]l = (w2 (5] ]

The interpretatiori| = || allows us to extend the notatich to all programs, by
putting: s = ¢ iff (s,t) €| 7 |.

Interpretation of Formulas. We extend the valuatiof} p || from propositional
variables to all formulas, by putting for the others:

RN = |nen I
Tenwll = llell ]l [[~ell = Z\[l¢ll
e ll = =l el ITrll = TF

Proposition 10. The interpretation of any testable formula is a testable property.
The interpretation of ard-local formula (or/-local deterministic program) is an
I-local property (or/-local linear map on states).

Lemmad. ||~ [|=[l ¢ [I*, [ 2y [I= e 12T L1 D (=0l ¢ I,
Lo [l =ll~~¢l|

Proposition 11. The following are equivalent, for every formuja
1. || ¢ || is testable (i.eT() is valid)

@ is semantically equivalent to~ ¢

 is semantically equivalent to some formuaila

@ is equivalent to some formuta ¢

= 0 N
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4 Proof Theory for LQP

4.1 Axioms for single systems

First, we admitall the axioms and rulesf classical PD L, except for the ones
concerning testg? and Kleene staf 7*. In particular, we have the
Substitution Rule. From I © infer - ©[p/¢]

and the “normality” conditions for the dynamic modalities:
Kripke Axiom. + [r](p — q) — ([7]p — [7]q)
Necessitation Rule. From F pinfer  [x]p
Consideringap, we introduce the following axioms:
Test Generalization Rule. If p does not occur irp or ¢, then:
from F ¢ — [¢?]¢ infer F ¢ — Oy
Testability Axiom. + Op — [¢7]p
Testability can be stated in its dual form by meanggfp — <p or equiva-
lently as{q?)p — (p?)T. This dual formulation of Testability allows us to give a
straightforward interpretation: if the property associateg tan be actualized by
a measurement (yielding an output state satisfylnthen we can directly test the

propertyp (by doing a measurement fp). The Test Generalization Rule encodes
the fact thatd is a universal quantifier over all possible measurements.

Other LQ P-axioms are:

Partial Functionality. Fo =p?lg — [p?)—q
Adequacy. FopAg— (p)q
Repeatability. o T(p) — [p?p
Proper Superpositions. F (x)00p — [r']p
Unitary Functionality. F o =|Ulqg < [Ulq
Unitary Bijectivity 1. Fope [U;UNp
Unitary Bijectivity 2. Fope [ULUp
Adjointness. Foop— @O Op

Proposition 12. Testability is closed under conjunctions, weakest preconditions;
O-sentences, orthocomplements and strongest postconditions are testable:

o T(p)ANT(q) — T(pAq)

2We skip the axioms for iteration* only because we chose not to include this construct in our
logic. But if one addsr* to our syntax, the usudP D L axioms for iteration are still sound, so they
can be added to the proof system.

22



o b T(p) — T([r]p)
e - T(Op)
o = T(~p)
o = T(x[p])
A formula ¢ is calledtestablef the theorem

F T(p)

is provable in our system. Observe that this notion is proof-theoretic. However,
the above Proposition gives us a purely syntactical way to check testability:

Corollary: Any formula of the formula of the formdy, ~ ¢ or T, or which
can be obtained from these formulas using only conjunctipns) and weakest
preconditiongr]ep, is testable.

Proposition 13. (Quantum Logic, Weak Modularity or Quantum Modus Ponens)
All the axioms and rules of traditional Quantum Logic are satisfied byesiable
formulas. In particular, from our axioms one can prove “Quantum Modus Po-
nens®3 o A [p?]y < 9. Inits turn, this rule is equivalent to the condition known
in quantum logic as Weak Modularity, stated as followss (~ oL (pA®)) < 9.

Theorem 3. (Soundness and Completenesd)) the other axioms above are
sound. Moreoverif we eliminate from the syntax of our logic all the special
constantgboth propositional constants;, 1 and-+, and program constants;,
CNOT, X, H, Z etc.),then there exists a complete proof systesich includes
the above axiom&!

The proof of this theorem is given in our paper [6], and it is based on an
extension of (Mayet’s version [28] of) Safs Theorem [36], itself an extension
of Piron’s Representation Theorem for Piron lattices [31, 32, 2].

13This explains why the weakest preconditigs?]:» has been taken as the basic implicational con-

nective in traditional Quantum Logic, under the name of “Sasaki hook”, denoted%yzz;.

14In addition, the system includes two more axioms of a rather technical nature, namely Piron’s
“Covering Law” (due to C. Piron in [32]) and “Mayet’s Condition” (due to Mayet in [28]). See [6] for
details.
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Proposition 14. The formular|p] expresses thetrongest testable postcondition
ensured by executing progranon any state satisfying (preconditiop) In other
words: for everytestabley, we have

lol < iff o < [ny

Proposition 15. (Adjointness Theorentjor all testableformulasy, v, we have:

o Lafy] iff wifp] Ly

4.2 Axioms for compound systems

Axioms for the trivial I-local program. The programT ; is the weakest-local
progranii.e.:
EI(m) — (mp <(Tnp

and
EI(Ty).

As an immediate consequence, we obtain that

(since itis easy to see that the identity prograiis /-local for every, so applying
the first axiom above to the program= id, we obtain thall = (id) T < (T,)T,
ie. T=(Tp)T,andso~ T; =[T//|L=—(T,)T =-T =1).
Another immediate consequence is tthat formulaT ; is the weakesi-local
property, i.e. we have:
EI(Tr)

and
FI(p)—=p<Tr.

Syntactically, we define ah/-local state”to be any sentence such that
FI@)Ae#F LAIPIANL#EP< o = p=9)

for somep not occurring inp. In other words, these are propositions that can be
proved to be atoms of the lattice of (consistehtpcal properties.
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Local States Axiom. Testable local properties are “local stategin the above
sense, i.e. atomic local properties)7if~ N then

T ANIP)ANI(@ANLF#q<p — q=p

Basic-State Testability Axiom Our basic local states;, 7;; are testable If
i,7 € N,c€{0,1,+,—} andr is a deterministic program, then we have

E T(ei) AT (75)

As an immediate consequence of the last two axioms, we have that all con-
stants of the forn&; (with & € {0, 1, +, —}!!1)) are (testableJ-local states; simi-
larly, if 7 is deterministic thefr;; is a (testable]s, j}-local state.

The following inference rule says that the lattice of local propertiegdm-
istic:

Local Atomicity Rule. Local properties are unions of testable local properties
(i.e. of local states)if I # N and the variable does not occur irp, 1 or 6, then
from F YAT(pr)Apr<¢ — pr<90

infer F YAI(p) — 0<¥6

As a consequence of the above axioms and rules, we obtain the following

Corollary . For I # N, every local state is testablén other words:
if I # N andp does not occur irp, then from

FIp)Ap# LAIP)NL#P< e — p=¢)

we can infer - T'(y).

Separation Axiom. If a state is both/ -separated and/-separated, then it is also
N\ I-separated] U J-separated and N J-separated

ETIAT, = T ATros A Tring

The following axioms state that; and—; are proper superpositions @fand
1;:
Proper Superposition Axioms: F +; — <$0; AL and F —; — O0; A O,
The next axiom expresses the above-mentioned property of linear operators on

'H of being uniquely determined by their values on all the staigs @ - - - | z)y,
with [ z); € {| 0)i,[ 1), | +)i}:
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Determinacy Axiom of Deterministic Programs. For deterministic programs
'
T, 7.

ce{0,1,+}»

The next axiom is the central one of our system, capturing the computational
essence of entanglement, as a semantic counterpart of Proposition 6 of Section 2:

Entanglement Axiom. If 7 is deterministic and # j, then:

= T(pi) — pi?(Tij) =5 mij(pi)

Before presenting out next axioms, we note some consequence of the previous
ones. First, as for testability, we can define a proof-theoretic notion of locality. A
formula is I-local if = I(p) is a theorem; similarly, a programis I-local if
F I(r)is atheorem.

Proposition 16. Any formula of the formp; is always/-local. Any formula of
the form7;; is {i, j}-local. If ¢ andy arel-local formulas andr is anI-local
program, thernp V ¢, o A =1 andp A [r]y arel-local. If ¢ is I-local andy is
J-local, thenp A ¢ is I U J-local.

Proposition 17. If ¢ is atestable/-local formula, theny? is ani-local program.
Tris I-local. If # andrn’ arel-local, thenr U ' andn; " arel-local.

Proposition 18. Local programs act locallyln other words:
FI(m)Ap=1q — p=nu7(p)=r7(q)
Proposition 19. Systems composed of identical parts are identical:
Ep=rqAp=sq9 = p=rus4q
Proposition 20. + p; L g < pr L qs

Proposition 21. (Dual Local Atomicity Rule)lf I £ N, ¢ andd arel-separated,
andp does not occur irp, ¢ or §, then: from

EYoANT(pr)Apr Lo — pr L0
infer

=W ANT(pr) NT(0r1) — o =10
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Proof. By using the fact thap; | ¢ < p; L g; and thel-locality of p;, we
can rewrite the assumption as

F AT Api < (TiA~pr) — pr < (T1A ~6r)

Assume now) A T'(pr) AT (6r). Then the formulal ;A ~ or =T A=(Tr A
[¢r?]L) is I-local (sincey; is testablel-local, sop;? is anl-local program, so
T1 A [pr?]Lis I-local) and similarlyT ;A ~ 6; is I-local. So we can apply the
Local Atomicity Rule, obtaining that{T ;A ~ ¢;) < (T;A ~ 67). Applying
orthocomplementation, we have that: (T;A ~ 0;) <~ (T;A ~ ;). From
this we get that:f; =~~ 0; = LU ~~ 0 =~ T;U ~~ 0 =~ (T[/\ ~
0r) <~ (TiA ~ ) =~ TiU ~~ ¢y = L Uypr = ;. But by the Local States
Axiom, this implies that); = ¢ (since both are testablelocal with I # N,
thus they are local states). Since béthand ¢, are I-separated, it follows that
0 =1 ¥

Theorem 4. (Compatibility of Programs Affecting Different Qubitsf. 7n.J = ()
andr, 7’ are deterministic, then

FI(m)AJ(x') — ma'(p) =7'i7(p)

Proof. This is an immediate application of the Determinacy Axiom above.
By that axiom, it is enough to show the required identity forabhf the form
p = ¢y, with ¢ € {0,1,+}". Using the factthal U (N \ (IU J)) C N\ J and
JU(N\(IUJ)) C N\I (sincelnJ = () and the Proposition saying that local pro-
grams “act locally”, we can easily show that, ') (Cx') =\ (1u) ¢N =N\(1UJ)
(7"sm)(En), (my ') () =1 w(en) =1 (s m) () and(m; 7') (Ev) =5 7'(En) =
(7';m)(€n). Using a previous Proposition, we put these together to conclude that
(m7)(En) =rosov\un) (75 m)(En), 1.e. that(m; ;) () = (n'; ) (en).

Proposition 22. (Dual Entanglement)lf 7 is deterministic and # j, then
F T(q) — 4?(5) =i 75(q)

Proof. AssumeT'(¢;) and we need to show tha}?(m;) =; wjj(qj). It
is easy to see that both sides arseparated (i.e.< T;), and also that both
(g;7(77;)): and (wjj(qj))i are testable (since they are local states), so we are in
the conditions of the Dual Local Atomicity Rule (Proposition 21) above. By that
Proposition, to prove the above identity, it is enough to show that:

F T(pi) Aps Lwli(q5) — pi L a;?(75).
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To show this, letp; be such thafl'(p;) andp; L w)(¢;). By the Adjoint-
ness Theorem, we have thep;(p;) L ¢;, and sog;?(m;;(p;)) = L. By the
previous Proposition (on Compatibility of Programs on Different Qubits), we
have: pi?(¢;2(75)) = (p:%4,7)(T5) = (;%p:7) (@) = ;7 (pi?(T5)) =
q;7(mij(pi)) = L (where we have used the Entanglement Axiom). So we ob-
tain thatp, L ¢;?(7;). (So using the Dual Local Atomicity Rule, the desired

conclusion follows).

Proposition 23. (Entanglement Preparation Lempna
Fomi(pi) Lag — T L (i Agy)

Proof. From the hypothesis, we obtain thgt L (7;;(p;));, and sdp; Ag;) L
(mi;(ps));, from which it follows that(p; A g;) L [p;?](m;(pi)); (using the fact
thatp;?(p; A ;) = pi A g;, by Adequacy). On the other hand, we havg <
[pi?] (75 (pi)); (sincep;?(T5;) < (p:?(75;)); = (mi5(pi)),, by the Entanglement
Axiom), and so we obtain thap; A ¢;) L 7.

Theorem 5. (Teleportation Property)lf , j, k are distinct indices then

F @Rt () =k (Tig505) (pi)
Proof: By the same argument as above, it is enough to prove that:
F T(qr) A ar L (mijs o) (i) — ar L (@5 757557) (i)

To show this, lety, such thal’(¢x) andgy, L (7;5; o) (p:). Theng, L ok (mi;(pi)),
and by Adjointness Theorem we havjE;C(qk) 1 m;;(p;). By Dual Entanglement,

it follows that ¢, ?(a;%) L m;(p;). By the Entanglement Preparation Lemma,
we havew;; L (qx?(d;%) A pi). Hence we obtaing,? (7557 7;7)(pi)) =

a? (T2 (@2 (p:) = 777 (an?2(@m2(0:))) =ijn 75,2 (ax?(@5%) Api) = L
(where we have used Theorem 4 on the Compatibility of Programs on Different
Qubits). So we obtain, as desired, thatl (7;57;7;7)(p;).

Corollary . If ij, k are distinct then
F 7 (i ANogr) =k (Tig; 04k) (Pi)
Proof. By the Repeatability Axiom, we have;,?(p;) < o,z Assuming

thata;,?(p;) # L, we obtain that;;?(p;) =1 7% (Sincea; is testable and
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{Jj, k}-local, and so it's a local state) and also t&at?(p;) =; p; (since “local
programs act locally”, by Proposition 18). Thus, we obtain #at’(p;) =i
piAT;,. Applying the{i, j} local prograntr;;, we obtain that;; 7 (p; ATjx) =ijk
i (0560 (pi)) = (@775 7) (i) =k (mij;05%)(pi), from which we obtain the
desired conclusion.

By a refinement of the proof of Teleportation Property, we can prove the fol-
lowing proof-theoretic version of Lemma 2 in Section 2.2:

Proposition 24. (Entanglement Composition LemmBpr distinct indices, j, &, [,
programsr, 7', 7" and local{1}-programsry, p; we have:

E R AT = Lo ok T2 (s o0 7 pls ),
Thedomaindom(y) of a mapr is defined aglom(w) =<7 > T.

Theorem 6. (Agreement Property). If two I-local mapsr, ©’ have the same
domain and they separate the input-state, then their output states agree on all non-
I qubits: i.e. ifI N J = () then for all deterministic programs =’ we have

F T(p) AI(r) AL(7") Adom(m) = dom(7' ) A7(p) < Ty AT (p) < Tp —

m(p) =N\I 7' (p).

Proof. Let's puty := T(p) A I(w) A I(7") A dom(w) = dom(n’) A 7(p) <
Tr A@'(p) < Ty, and let us assume thatis true. By definitiongr(p) is testable
(sincer is deterministic, sor(p) = 7[p] =~ [rf] ~ p, and every sentence of
the form~ 4 is testable), and the same is true fd(p). So we can use the
Dual Local Atomicity Rule to prove the above identity. Let ngw\; be such
thatT'(gn\7) andga s L 7(p). Then(m; gy ;?)(p) = L. By the Compatibility
of Programs on Different Qubits, we obtain thai\;?;7)(p) = L, i.e. p <
lamrl[7]L = [an\1]-2(m) T = [gn\]~dom(m). But dom(r) = dom(n’), so
p < lawyi)~dom(n’) = [qn/][7']L, ie. (qw\%:7')(p) = L. Working now
in reverse, we apply again the Compatibility of Programs on Different Qubits,
obtaining(7’; gz 1?)(p) = L, i.e.qn\r L ©’(p). So we have proved that:

F Y AT(gng) Aane L 7(p) — g L 7' ().
By applying now the Dual Local Atomicity Rule, we obtain

F ¢ — 7(p) =n1 (D),

i.e. the desired conclusion.
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Characteristic Formulas. In order to formulate our next axioms (dealing with
special logic gates), we give some characteristic formulas for binary states, con-
sidering two qubits indexed hyandj:

States Characteristic Formulas
| 00):; = 0)i® | 0); (0:7)0; A[1;7] L
Bell states:

vy =10)® [y); + (D7 [1i®@8); | (0:7)y; A LG A (+:)(-)F
with0=1andl =0, z,y € {0,1} where(—)* = —ifzx =1
and(—-)* =+ifx =0

7" = B + Boi =
[ 00)ij+ | 01)i+ [ 10)45+ | 11)4; (0:7) +5 A{Li?) 45 A(+i?)+;
Locality Axiom for Quantum Gates. Our special quantum gates are local, af-
fecting only the specified quhits
F{iH(Xa) A {iH(Zs) AiHHG) A i, GHONOT)
In addition to this, we require fokK, Z, H:
Characteristic Axioms for Quantum Gates X and Z.

Fo0g — [Hi4+: Fol = [Hi]= o+ — [H;]0;

Notation. Forz,y € {0,1} and distinct indices, j € N, we make the following

abbreviations for “Bell formulas™s}, := (Z{; X{), .

Proposition 25. The Bell stateﬁg’g are characterized by the logic Bell formulas

%7 . In other words, a state satisfies one of these formulas iff it coincides with the
corresponding Bell state.

Proof. It is enough to check that the formulgg), imply the corresponding char-
acteristic formulas in the above table. For this, we use the Entanglement Ax-
iom and the following (easily checked) theorents: 0, —< Z7; X7 > vy,
Fle<Z XY >0, B4+ =< 27X > ()7

Characteristic Axioms for CNOT. With the above notations, we put:

H 01 N Cj — [CNOT'”]CJ N = 11 AN Oj — [CNOE]]lj
F o +i A+ = [CNOT,; Y9 where 49 =(0;7) +; A(L;?) 4+ A(+: )+
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Proposition 26. For all z,y € {0,1}: - (H;; CNOT; j(x; Ay;j) = BY

Corollary . If 4, j, k are all distinct then
F (CNOTiy; Hy; (3 A y;)?)(p) =k By 7 (p)-

Proof. From the above Proposition and fralif = H, CNOT' = CNOT,
we get(CNOTi,j; Hz)( ;Jy) =x; N\ Yi, and SOdom(CNOTi,j; Hz) =

= (CNOT;j; Hy; (w3 Ayy)) T = (64,7)T = dom(%,?). The conclusion fol-

lows from this, together with the Agreement Property.

5 Correctness of the Teleportation Protocol

Following [29], quantum teleportation is the name of a technique that makes it
possible to teleport the state of a quantum system without using a channel that
allows for quantum communication, but with a channel that allows for classical
communication. We are working i@ H® H , with H being the two-dimensional
(qubit) space, and so = 3. We assume two agents, Alice and Bob who are sepa-
rated in space and each has one qubit of an entangled EPR pair that is represented
by 625> € H® @ H®). Alice holds in addition to her part of the EPR pair also a
qubitg; € HM | in an unknown local statg . (Note thatg, is a testabld-local
property, since it is a-local state.) Alice wants to “teleport” this unknown state

to Bob, i.e. she will perform a program that will output a state satisfyihg(q ).

To do this, she first entangles with her partg, of the EPR pair (i.e. she performs
aCNOT; » gate on the two qubits and then a Hadamard transformatioon the

first component). Bob’s qubit has suffered during the actions of Alice and when
Alice will measure her qubits she will destroy the entanglement of the EPR pair
that she shares with Bob. The initial state of Bob’s qubit is known and we can
calculate which changes it has gone through when we know the result that Alice
obtains from the two measurements. Moreover, the result that Alice obtains from
the two measurements indicate the actions that Bob has to perform in order to
transfer his qubits into the stateéd;s(q;) (corresponding to the qubit Alice had
before the protocol). Itis enough for Alice to send Bob two classical bits encoding
the resultr; of the first measurement and the regylof the second measurement.
This means that Bob will have to appiytimes theX -gate followed byx times

the Z gate, if he wants to force his qulgit into the stateéd;3(q1).

In our syntax, the quantum program described here is:

T = U CNOTyo; Hy; (21 ANya)? X5 Z5
z,ye{0,1}
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and the validity expressing the correctness of teleportation is

= (g A BY) =5 idis(qr).

To show this, observe that by applying the above Corollary (at the end of the
last section) in which we take = 1,5 = 2,k = 3, we obtain that the validity
above (to be proved) is equivalent t&: (5127, X¥; Z%)(q1 A Byy’) =3 idis(q1).
Replacing the logical Bell formulas with their definition§), := (Z7; Xf)ij, we
obtain the following equivalent validity: ((Z7; X7)127; X3; Z%)(q1 Nidaz) =3
idy3(q1) , whereid = Z?; X is the identity. This last validity follows from ap-
plying the (Corollary of) Teleportation Property and the validity, X7; X{; Z =
id (duetoX— ' =X, 771 = 2).

Note. This proof of correctness can be easily adapted to dovgic-Gate Tele-
portation Moreover, the whole range of quantum programs covered by the “en-
tanglement networks” in [15] can be similarly treated using our logic.

6 Conclusions and Future Work

We presented here a dynamic logic for compound quantum systems, capable of
expressing and proving highly non-trivial features of quantum information flow,
such as entanglement and teleportation, properties of local transformations, sep-
aration, Bell statestc. The logic is Boolean, but hasodalities capturing the
non-classical logical dynamics of quantum systemaddition, it haspatial fea-

tures allowing us to express properties sifibsystemsf a compound quantum
system. The logic comes with a simple relational semantics, in terms of quantum
states and quantum actions in a Hilbert space. We present a sound proof system,
and we use it to prove interesting properties of quantum information, including a
formal correctness proof for the Teleportation protocol.

However, there are a number of open problems left. Although in [6] we
sketched a completeness result for the quantum dynamic logitgle-system
guantum framesno corresponding completeness result is known for compound
systemsSo the completeness problem for the lo§i@ P presented in this paper
is still open.

Although in this paper we have only considertstation-freequantumpP D L
(i.e. alogic that does not includteration, or Kleene starg*, among the oper-
ations on programs), since iteration was not needed in our simple quantum pro-
gramming applications. But one can of course add iteration and consider the re-
sulting logic, which would be useful in applications to quantum programs involv-
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ing while-loops. The usuaPDL axioms for Kleene star are sound, but again
completeness remains an open problem.

Another problem, of great importance for quantum computation, is extend-
ing our setting to deal with thquantitative aspects of quantum informatién
particular with notions like phase and probability). Our aim in this paper was to
develop a logic to reason abagalitative quantum information flow, so we ne-
glected theprobabilistic aspects of quantum systems. There are natural ways to
extend our setting, using quantum versiongmfbabilistic modal logi¢c and we
plan to investigate them in future work.

A similar, but deeper, open problem is the one of developing a logic that can
deal with finer quantitative aspects of quantum, suclrelative) phase This is
an important concept for guantum computation, so a logic that can deal with phase
aspects would be most useful.
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