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Abstract

We present a dynamic logic for reasoning about information flow in quantum
programs. In particular, we give a finitary syntax and a relational semantics
for a Logic of Quantum Programs(LQP ), that is capable of dealing with
quantum measurements, unitary evolutions and entanglements in compound
quantum systems. We present a sound proof system for this logic, and we
show how to characterize by logical means various forms of entanglement
(e.g. the Bell states) and various quantum gates. As an example of applica-
tion, we use our logic to give a formal proof for the correctness of the Tele-
portation protocol (proof which can be easily adapted to check Logic-Gate
Teleportation).

1 Introduction

As a natural extension of Hoare Logic, Propositional Dynamic Logic (PDL) is an
important tool for the logical study of programs, especially by providing a basis
for program verification. In the context of recent advances in quantum program-
ming, it is natural to look for aquantumversion ofPDL, which could play the
same role in proving correctness for quantum programs that classicalPDL (and
Hoare logic) played for classical programs.

The search for such a “quantum dynamic logic” has been one of our main
objectives, in the process of investigating the logic of quantum information flow
in a series of presentations [4, 34] and papers [6, 5, 7]. Several logical systems
have been proposed: in [6] we focused on single quantum systems and presented
two equivalentcomplete axiomatizationsfor a Logic of Quantum Actions (LQA,
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allowing actions such as measurements and unitary evolutions, but no entangle-
ments). The completeness result was obtained with respect to infinite-dimensional
classical Hilbert spaces, as models forsingle quantum systems. The challenge of
providing a similar axiomatization forcompound systemswas taken up in [5],
where a first proposal for alogic of multi-partite quantum systemswas sketched.

In this paper we elaborate further, simplify and improve on the work out-
lined in [5], developing a full-fledgedLogic of Quantum ProgramsLQP .1 This
includes: (1) a simplefinitary syntaxfor a modal language, based on a minor
variation of classicalPDL, with dynamic modalities corresponding to (weakest
preconditions of) quantum programs; (2) arelational semanticsfor this logic, in
terms ofquantum states and quantum actions over a finite-dimensional Hilbert
space; (3) a sound proof system, which includes axioms to handleseparation,
locality andentanglement; (4) formal proofs (in our proof systemLQP ) of non-
trivial computational properties of compound quantum systems; (5) an analysis
(with a formal correctness proof) of the Teleportation Protocol.

The first fundamental idea underlying our logic is one that was first presented
in [4, 34] and developed in [6], but whose deep “ideological” roots come from
a long tradition of previous work on dynamic interpretations of quantum logic
(in [18, 19, 20, 3, 10, 14, 11, 13, 12, 35]): this is the idea of having aquantum
reinterpretationof the language of classicalPDL, in which the “test” actions
ϕ? of PDL (used to capture conditional programs in dynamic logic) are to be
read as“successful measurements” of a quantum propertyϕ (i.e. projectors in a
Hilbert space over the subspace generated by the set of states satisfyingϕ), while
the other basic actions ofPDL are taken to bequantum gates(i.e. unitary oper-
ators on a Hilbert space). As shown in [4, 34, 6], this immediately allows us to
re-capture in our (Boolean) logic all the power of traditional (non-Boolean) Quan-
tum Logic: the “quantum disjunction” (expressing superpositions), the “quantum
negation” (the so-called “orthocomplement”∼ ϕ, expressing necessary failure
of a measurement) and the “quantum implication” (the so-called “Sasaki hook”

φ
S→ ψ, capturing causality in quantum measurements) are all expressible us-

ing quantum-dynamic modalities[ϕ?]ψ (which captureweakest preconditions2

of quantum measurements).3 In other words: in our logic (unlike other logi-

1But note the difference between our logicLQP and the approach with a similar name in [9]: our
dynamic logic goes much further in capturing essential properties of quantum systems and quantum
programs, as well as in recovering the ideas of traditional quantum logic (see e.g. [16, 17, 22].

2See e.g. [25] for an introduction to dynamic modalities[π]ψ describing weakest preconditions
ensuring (the satisfaction of some given post-condition)ψ after the execution of an actionπ.

3Indeed, it turns out that a quantum implicationφ
S→ ψ is simply equivalent to the weakest pre-
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cal approaches to quantum systems),all the non-classical “quantum” effects are
captured using a non-classical “logical dynamics”, while keeping the classical,
Boolean structure of the underlying propositional logic of “static” properties.

The second fundamental idea of our approach is the one first outlined in [5]:
addingspatial featuresto dynamic logic, in order to capture relevant properties
of multi-partite (i.e. compound) quantum systems(e.g. separation, locality, en-
tanglement). For this, we use a finite setN of indicesto denote the most basic
“parts” (qubits) of the system, and usesets of indicesI ⊆ N to denote all the
(possibly compound) subsystems; we have special propositional constants1, 0, +
etc. to express the fact that qubits are in the state| 1〉, | 0〉 or | +〉 etc; we use a
basic propositional formula>I to express“separation” 4 (the fact that qubits in
the subsystemI are separated from the rest); and we have a basic program>I ,
denoting anon-determined (i.e. randomly chosen) local transformation(affecting
only the qubits in the subsystemI). These ingredients are enough to define all the
relevant spatial features we need, and in particular to define the notion of(local)
componentϕI of a (global) propertyϕ, the notion of(I-)local propertyI(ϕ) (i.e.
ϕ is a property of the separatedI-subsystem) and the notion of(I-)local program
I(π) (i.e. π is a program affecting only theI-subsystem).

The third fundamental idea that underlies our approach comes from [14] and
[15] (and was further elaborated in a category-theoretical setting in [1]): this is
a computational understanding of entanglement, in which an entangled state is
seen as a “static” encoding of a program. Mathematically, this comes from the
simple observation that a tensor productHi ⊗Hj of two Hilbert spaces is canon-
ically isomorphic to the spaceHi → Hj of all linear maps between the two
spaces. But, as noted in [14, 15], this isomorphism has aphysical meaning: the
entangled stateπij , that “encodes” (via the above isomorphism) the linear map
π : Hi → Hj , has the property thatany successful measurement of itsi-th qubit
(resulting in some local output-stateqi) induces a correlative collapse of thej-th
qubit, whose local output-state(after the collapse)is computed by the mapπ (i.e.
it is given byπ(q)j). Sothe above isomorphism captures the correlations between
possible results of potential local measurements(on the two qubits). We use this
idea to define formulasπij that characterize such specifically entangled states (by
using weakest preconditions to express potential behavior under possible mea-
surements). The fundamental correlation given by the above isomorphism is then
stated as our“Entanglement Axiom”, which plays a central role in our system.

condition[ϕ?]ψ. In quantum logic, this dynamic view can be traced back to the analysis of the Sasaki
hook as a Stalnaker conditional presented in [23, 24] and is reflected upon in e.g. [8, 33].

4This can be compared with theexogenous quantum logic approachin [30], that makes use of
general modal operators to separate subsystems.
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This combination of quantum-dynamic and spatial logicis what allows us to
givea logical characterization of Bell statesand ofvarious quantum gates, andto
prove from our axioms highly non-trivial properties of quantum information flow
(such as the “Teleportation Property”, the “Agreement Property”, the “Entangle-
ment Preparation” and “Entanglement Composition” lemmas etc.).

It is well-known thatPDL, and its fragment the Hoare Logic, are among the
main logical formalisms used inprogram verificationof classical programs, i.e.
in checking that a given (classical) program iscorrect(in the sense of meeting the
required specifications). It is thus natural to expect our quantum dynamic logic
to play a significant role in the formalverification of quantum programs. In this
paper, we partially fulfil this expectation by giving afully axiomatic correctness
proof for the Teleportation protocol; the proof can be easily adapted to verify
Logic-Gate Teleportationand many other quantum programs.

Finally, we mention here some of thelimitations of our approach, which arise
from ourpurely qualitative, logic-basedview of quantum information. The quan-
titative aspects are thus neglected: in our presentation, we follow theoperational
quantum logictradition (for which see e.g. [26, 27]) in abstracting away from
complex numbers, “phases” and probabilities. As customary in quantum logic,
we identify the “states” of a physical system with “rays” in a Hilbert space (i.e.
one-dimensional closed linear subspaces), rather than with unitary vectors, and
consequently, our programs will be“phase-free”. This is a serious limitation,
as phase aspects are important in quantum computation; there are ways to re-
introduce (relative) phases in our approach, but this gives rise to a much more
complicated logic, and so we leave this development for future work. Similarly,
although our dynamic logiccannot express probabilities, but only “possibilities”
(via the dynamic modalities, which capture the system’s potential behavior under
possible actions),there exist natural extensions of this setting to a probabilistic
modal logic. One of our projects is to work out the full details of this setting,
developing a proof system for probabilisticLQP .

2 Preliminaries: Quantum Frames

In this section we organize Hilbert spaces as relational structures, calledquantum
frames(also calledquantum transition systemsin [6]). We first study the quantum
frames of asinglequantum system, then consider systems composed ofparts(sub-
systems): these are calledcompound(or multi-partite) quantum systems. In this
later case we restrict our attention to systems composed of finitely many “qubits”.
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2.1 Single-System Quantum Frames

A modal frameis a set ofstates, together with a family ofbinary relationsbetween

states. A (generalized)PDL frame is a modal frame(Σ, {S?→}S∈L, {
a→}a∈A),

in which the relations on the set of statesΣ are of two types: the first, called
testsand denoted byS?, are labelled with subsetsS of Σ, coming from a given
family L ⊆ P(Σ) of sets, calledtestable properties; the others, calledactions, are
labelled with action labelsa from a given setA.

Given aPDL frame, there exists a standard way to give a semantics to the
usual language ofPropositional Dynamic Logic. ClassicalPDL can be consid-
ered as a special case of such a logic, in which tests are given byclassical tests:

s
S?→ t if and only if s = t ∈ S. Observe thatclassical tests, if executable, do not

change the current state.
In the context of quantum systems, a natural idea is to replace classical tests

by “quantum tests”, given byquantum measurementsof a given property. Such
tests will obviously change the state of the system. To model them, we introduce
a special kind ofPDL frames:quantum frames. The “tests” are essentially given
by projectors in a Hilbert space. In [6], we consideredPDL with the above-
mentioned standard semantics, having the same clauses in the classical case, but
interpreted in quantum frames. What we obtained was aquantum PDL, whose
negation-free part with dynamic modalities for quantum tests was equivalent to
what is traditionally called “(orthomodular) quantum logic” (see e.g. [16, 17, 22]).
In this paper, we extend the syntax of this logic to deal with unitary evolutions,
entanglements and some quantum protocols.

Recall that aHilbert spaceH is a complex vector space with an inner product
〈− | −〉, which is complete in the induced metric. Theadjoint (or Hermitian
conjugate) of a linear mapF : H → H is the unique linear mapF † : H → H
s.t. 〈x | F (y)〉 = 〈F †(x) | y〉, for all x, y ∈ H. For any closed linear subspace
W ⊆ H, theprojectorPW : H → H ontoW is given by: PW (u + v) = u,
for all u ∈ W, v ∈ W⊥. Projectors are linear, idempotent (P ◦ P = P ) and
self-adjoint (P † = P ). A unitary transformationis a linear mapU on H s.t.
U ◦U† = U† ◦U = id, whereid is the identity onH. Unitary operators preserve
inner products.

In Quantum Mechanics, projectors are used to represent(succesful) measure-
ments. A measurement is in fact asetof projectors (over mutually orthogonal
subspaces); but, whenever a measurement is succesfully performed,only oneof
the projectors is “actualized”: the outcome is given by that particular projector. In
Quantum Mechanics, unitary transformations representreversible evolutionsof a
system. In Quantum Computation, they correspond toquantum-logical gates.
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Quantum Frames. Given a Hilbert spaceH, the following steps construct a
Quantum (PDL) Frame

Σ(H) := (Σ, {S?→}S∈L, {
U→}U∈U )

1. LetΣ be the set ofone dimensional subspacesofH, called the set ofstates.
We denote a states = x of H using any of the non-zero vectorsx ∈ H
that generate it, as a subspace. Note that any two vectors that differ only in
phase(i.e. x = λy, with λ ∈ C with |λ| = 1) will generate the same state
x = y ∈ Σ.

2. Call two statess and t in Σ orthogonal, and writes ⊥ t, if every two
vectorsx ∈ s, y ∈ t are orthogonal, i.e. if∀x ∈ s∀y ∈ t 〈x | y〉 = 0.
Equivalently, we can state thats ⊥ t iff ∃x ∈ s, y ∈ t with x 6= 0, y 6= 0
and〈x | y〉 = 0. We putS⊥ := {t ∈ Σ | t ⊥ s for all s ∈ S}; and we
denote byS = S⊥⊥ := (S⊥)⊥ the biorthogonal closure ofS. In particular,
for a singleton{x}, we just writex for {x}, which agrees with the notation
x used above to denote the state generated byx.

3. A set of statesS ⊆ Σ is called a(quantum) testable propertyiff it is
biorthogonally closed, i.e. if S = S. (Note thatS ⊆ S is always the case.)
We denote byL ⊆ P (Σ) the family of all quantum testable properties. All
theothersetsS ∈ P (Σ) \ L are callednon-testable properties.

4. There is a natural bijective correspondence between the familyL of all
testable properties and the familyW of all closed linear subspacesW ofH,
bijection given byS 7→ WS =:

⋃
S. Observe that, under this correspon-

dence, the image of the biorthogonal closureS of any arbitrary setS ⊆ Σ
is the closed linear subspace

⋃
S ⊆ H generated by the union

⋃
S of all

states inS.

5. For each testable propertyS ∈ L, there exists a partial mapS? onΣ, called
a quantum test. If W = WS =

⋃
S is the corresponding subspace ofH,

then the quantum test is the map induced on states by theprojectorPW onto
the subspaceW . In other words, it’s given by:

S?(x) := PW (x) ∈ Σ , if x 6∈ S⊥ ( i.e. if PW (x) 6= 0)
S?(x) := undefined, otherwise.

We denote by
S?→⊆ Σ × Σ the binary relation corresponding to the partial

mapS?, i.e. given by:s
S?→ t if and only if S?(s) = t. So we havea family

of binary relations indexed by the testable propertiesS ∈ L.
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6. For each unitary transformationU onH, consider the corresponding binary

relation
U→⊆ Σ × Σ, given by: s

U→ t if and only if U(x) = y for some
non-zero vectorsx ∈ s, y ∈ t. So we obtaina family of binary relations
indexed by the unitary transformationsU ∈ U (whereU is the set of unitary
transformations onH).

So a quantum frame is just aPDL frame built on top of a given Hilbert space
H, by taking one-dimensional subspaces as “states”, projectors as “tests” and uni-
tary evolutions as “actions”. Our notion of “state” in this paper is closely con-
nected to the way quantum logicians approach quantum systems. As mentioned
in the Introduction, this imposes some limits to our approach, mainly that we will
not be able to expressphase-related properties.

Operators on states, adjoints and generalized tests.To generalize our notations
introduced earlier, observe that everylinear operatorF : H → H induces a
partial mapF : Σ → Σ on states (i.e. subspaces), given byF (x) = F (x), if
F (x) 6= 0 (and undefined, in rest). (Note thatlinearity ensures that this map on
states is well-defined.) In particular, every mapF : Σ → Σ obtained in this way
has anadjointF † : Σ → Σ, defined as the map on states induced by the adjoint
of the linear operatorF onH. Observe that, for unitary transformationsU , the
adjoint is the inverse:U† = U−1 Also, one can naturally generalizequantum
teststo arbitrary, possiblynon-testable properties, S ⊆ Σ, by putting:S? := S?.
So we identify a test of a “non-testable” propertyS with the quantum test of its
biorthogonal closure. Observe thatS?† = S? (since projectors are self-adjoint).

Measurement (Non-orthogonality) Relation. For all s, t ∈ Σ, let s → t if and

only if s
S?→ t for some propertyS ∈ L. In other words,s→ t means that one can

reach statet by doingsome measurementon states. An important observation is
thatthe measurement relation is the same as non-orthogonality5: s→ t iff s 6⊥ t.

Quantum Actions. A quantum actionis any relationR ⊆ Σ × Σ which can be
written as an arbitrary6 unionR =

⋃
i Fi of linear mapsFi : Σ → Σ. The family

of quantum actions forms acomplete lattice(with inclusion), having set-theoretic
unionR∪R′ as supremum. Notice also that this family is closed underrelational
compositionR;R′ := {(s, t) ∈ Σ × Σ : ∃w ∈ Σ(s, w) ∈ R, (w, t) ∈ R′},
and iterationR∗ :=

⋃
k≥0R

n (whereRn = R;R; · · ·R is a composition ofn
terms). Quantum actions are arelational (input-output) representation of quantum
programs. Indeed, in our dynamic logic we will interpret (the dynamic modalities
for) quantum programs as (weakest preconditions of) quantum actions.

5The non-orthogonality relation has indeed been used to introduce an accessibility relation in the
orthoframe semantics within quantum logic [22, 21].

6i.e. possibly infinite.
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Weakest Precondition, Image, Strongest Post-condition and Measurement
Modalities. For any propertyT ⊆ Σ and any quantum actionR ⊆ Σ × Σ, let
[R]T := {s ∈ Σ : ∀t ∈ Σ(sRt ⇒ t ∈ T )} and〈R〉T := Σ\([R](Σ\T )). Simi-
larly, putR(T ) := {s ∈ Σ : ∃t ∈ T such thattRs}. We also putR[T ] := R(T )
for the biorthogonal closure of the image. Finally, put2T := {s ∈ Σ : ∀t(s →
t⇒ t ∈ T )} and 3T := Σ\(2(Σ\T )).

Observe that[R]T expresses theweakest preconditionfor the “program”R
and post-conditionT . In particular,[S?]T expresses the weakest precondition en-
suring the satisfaction of propertyT in any state after the system passes a quantum
test of propertyS. Similarly, 〈S?〉T means that one can perform a quantum test
of propertyS on the current state, ending up in a state having propertyT . R(T )
is theimageof T viaR, which is in fact thestrongest property (among all proper-
ties inP(Σ× Σ) ) ensured to hold after applying programR if a preconditionT
holds at the input-state. This is the ”strongest postcondition” in an absolute sense.
However, thestrongest testable postcondition(ensured to hold after runningR if
preconditionT holds at the input state) is given byR[T ]. 2T means that property
T will hold afteranymeasurement (quantum test) performed on the current state.
Finally, 3T means that propertyT is potentially satisfied, in the sense that one
can do some quantum test to reach a state with propertyT .

Lemma 1. For every propertyS ⊆ Σ, we haveS⊥ = [S?]∅ = Σ \ 3S and
S = 23S.

Proposition 1. For every propertyS ⊆ Σ, if T ∈ L (i.e. is testable), then
2S, S⊥, [S?]T ∈ L (are testable), and more generally[R]T ∈ L, for every quan-
tum relationR. For every states ∈ Σ, we have{s} ∈ L, i.e. “states are testable”.

Proposition 2. A propertyS ⊆ Σ is testable if and only if any of the following
equivalent conditions hold:

• S = S;

• ∃T ∈ Σ such thatS = T⊥;

• ∃T ∈ Σ such thatS = 2T .

Quantum Joins. The familyL of testable properties is acomplete latticewith
respect to inclusion, having as its meet set-intersectionS ∩ T , and as its join the
biorthogonal closure of set-unionS t T := S ∪ T , called thequantum joinof
S andT . For any arbitrary propertyS ⊆ Σ, we haveS =

⊔
{{s} : s ∈ S} =⋂

{T ∈ L : S ⊆ T}, so the biorthogonal closure ofS is the strongest testable
property implied by (the property)S.
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Theorem 1. The following properties hold in every quantum frameΣ = Σ(H):

1. Partial functionality: If s
S?→ t ands

S?→ v thent = v.

2. Trivial tests:
∅?→= ∅ and

Σ?→= ∆Σ, where∆Σ = {(s, s) : s ∈ Σ} is the
identity relation onΣ× Σ.

3. Atomicity. States are testable, i.e.{s} ∈ L.
This is equivalent to requiring that “states can be distinguished by tests”,
i.e. if s 6= t then∃P ∈ L : s ⊥ P, t 6⊥ P

4. Adequacy. Testing a true property does not change the state:

if s ∈ P thens
P?→ s

5. Repeatability. Any testable property holds after it has been successfully

tested: ifs
P?→ t thent ∈ P

6. Compatibility:
If S, T ∈ L are testable andS?;T? = T?;S? thenS?;T? = (S ∩ T )?.

7. Self-Adjointness: if s
P?→ w→t then there exists some elementv ∈ Σ such

thatt
P?→ v→s

8. Proper Superposition. Every two states of a quantum system can be prop-
erly superposed into a new state:∀s, t ∈ Σ∃w ∈ Σ s→w→t

9. Unitary Reversibility and Totality. Basic unitary evolutions aretotal bijec-
tive functions, having as adjoint their inverse:

U ;U† = U†;U = id

whereid is the identity map

10. Orthogonality Preservation. Basic unitary evolutions preserve (non) or-

thogonality: Lets, t, s′, t′ ∈ Σ be such thats
U→ s′andt

U→ t′. Then:
s→ t iff s′ → t′.

Proofs: Partial functionalityfollows from the fact that projectors correspond
to partially defined maps inH. Trivial testsfollows from the fact that projecting
on the empty space yields the empty space and that projecting on the total space
doesn’t change anything.Atomicity follows from the fact that states are nothing
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but one-dimensional closed linear subspaces, i.e. atoms of the lattice of all closed
linear subspaces.Adequacyfollows from the fact that for everyx ∈ W we have
thatPW (x) = x. Repeatabilityfollows from the fact thatPW (x) ∈ W for every
x ∈ H. Compatibilityfollows from the fact that if two projectors commute, i.e.
PW ◦ PV = PV ◦ PW , thenPW ◦ PV = PW∩V . Self-Adjointnessfollows from
the more general Adjointness theorem stated below, together with the fact that
projectors are self-adjoint (i.e.S?† = S?). Proper Superpositionscan be proved
by cases: Ifs 6⊥ t, i.e. lets → t, thenw = s ⇒ s → s → t. If s ⊥ t, i.e. let
s 6→ t then lets = x, t = y with x, y ∈ H. Take the superpositionx+y ∈ H of x
andy and note thatx+ y 6= 0 (since fromx+ y = 0 ⇒ x = −y ⇒ s = t which
contradictss 6⊥ t). Next observe thatx 6⊥ (x+ y) (Indeed, supposex ⊥ (x+ y)
then〈x | x+y〉 = 0 and then〈x | x〉+〈x | y〉 = 0; butx ⊥ y implies〈x | x〉 = 0.
So from〈x | x〉 = 0 follows thatx = 0, which yields a contradiction). Similarly,
we gety 6⊥ (x + y). The last two conditions are immediate consequences of the
definition of a unitary operator.

Note that, as a consequence of the “Proper Superpositions” property,the double-
box modality22 coincides with the universal modality, i.e.: 22S 6= ∅ iff S = Σ.

Theorem 2. (Adjointness) LetF be a quantum map and lets, w, t ∈ Σ be states:

If s
F→ w→t then there exists some statev ∈ Σ such thatt

F †

→ v→s.

Proof: To prove this theorem we use the definition of adjointness in a Hilbert
space:〈Fx | y〉 = 〈x | F †y〉. From this, we get the equivalence:〈Fx | y〉 = 0
iff 〈x, F †y〉 = 0; or, otherwise stated,Fx ⊥ y iff x ⊥ F †y. Taking the negation
of both sides and using the fact that the measurement relations→t is the same

as non-orthogonalitys 6⊥ t, we obtain the equivalence:∃w(x F→ w → y) iff

∃v(y F †

→ v → x).
This proves the adjointness property. As a consequence:

Corollary 1. For every propertyP ⊆ Σ and every linear mapF we have:P ⊆
[F ]2〈F †〉3P

Corollary 2. If F is a quantum map, then

F †(s) =
(
[F ]s⊥

)⊥
Proof: Using the fact that the negation of the measurement accessibility

relation→ is the orthogonality relation⊥, we immediately obtain from the above
Theorem that:

s ⊥ F †(t) iff t ⊥ F (s),
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i.e.
s ∈ (F †(t))⊥ iff F (s) ∈ t⊥.

From this, we obtain that(F †(t))⊥ = [F ]t⊥. SinceF † is a map, F †(t) is a
(single) state, so it is atestableproperty. Hence, we haveF †(t) = (F †(t))⊥⊥ =
([F ]t⊥)⊥.

This result leads us to the following natural generalization of the notion of
adjoint to all quantum actions:

Adjoint of a Quantum Action . For every quantum actionR ⊆ Σ×Σ, we define
a relationR† ⊆ Σ× Σ by:

sR†t iff t ⊥ [R]s⊥

or, in other words,
R†(s) =

(
[R]s⊥

)⊥
Proposition 3. For all quantum actionsR,Z ⊆ Σ × Σ, statess, t ∈ Σ and
propertiesS ⊆ Σ, we have the following:

1. R† is a quantum action;

2. if R = F is a (quantum, i.e. linear) map7 then the relational adjointR†

coincides with the Hermitian adjointF † (of F as linear map).

3. s ⊥ R†(t) iff t ⊥ R(s) .

4. (R;Z)† = Z†;R†.

5. (R ∪ Z)† = R† t Z†.

6. R[S] = ([R†]S⊥)⊥.

7We identify a mapF : Σ → Σ with its graphF ⊆ Σ × Σ, i.e. quantum maps are special cases
of quantum relations, which happen to be be partial functions. SoR = F means that the two sides are
equal, as relations.
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2.2 Compound-System Quantum Frames

In this subsection we like to extend the quantum frame presented above for single
systems into a quantum frame for compound systems. LetH be a Hilbert space of
dimension2 with basis{| 0〉, | 1〉}. We fix a natural numbern ≥ 2 (although later
we will restrict to the casen ≥ 4), and we putN = {1, 2, . . . , n}. A compound-
system quantum framewill be the quantum frameΣ(Hn) build on a Hilbert space
Hn = H⊗n = H ⊗H ⊗ ...⊗H (n times) .

Notation. In fact, we consider all then copies ofH as distinct (although iso-
morphic) and denote byH(i) the i-th component of the tensorH⊗n. Also, for
any set of indicesI ⊆ N , we putHI = H

N
I =

⊗
i∈I H

(i). (So, in partic-
ular, HN = Hn = H.) We denote byεi : H → H(i) the canonical isomor-
phism betweenH andH(i). This notation can be extended to setsI ⊆ N of
indices of length|I| = k, by puttingεI : H⊗k → HI to be the canonical iso-
morphism between these spaces. Similarly, for each setI ⊆ N , we denote by
µI : HI ⊗HN\I → H the canonical isomorphism between these two spaces. For
any vector| x〉 ∈ H, we denote by| x〉

N
I =

⊗
i∈I | x〉

N
I the corresponding

vector inHI (obtained by tensoring|I| copies of| x〉 ). Given a setI ⊆ N , we say
that a states ∈ Σ(H) has itsI-qubits in states′ ∈ Σ(HI), and writesI = s′, if
there exist vectorsψ ∈ s, ψ′ ∈ HI andψ′′ ∈ HN\I such thatψ = µI(ψ′ ⊗ ψ′′).
Note that the statesI , if it exists, then it is unique(having the above property).
We say that the states is I-separatediff sI exists. In thus case,sI is called the
(I-)local component(or local state) of s. In particular, whenI = {i}, the local
componentsi ∈ H{i} = H(i) is calledthei-th coordinateof the states.

We will further denote the vector| 0〉+ | 1〉 by | +〉, and similarly denote
| 0〉− | 1〉 by | −〉. For the states generated by the vectors in a two dimensional
Hilbert space we introduce the following abbreviations:+ := | +〉, − := | −〉 ,
0 := | 0〉 , 1 := | 1〉. In order to refer to the state corresponding to a pair of qubits,
we similarly delete the Dirac notation, e.g.00 := | 00〉 = | 0〉⊗ | 0〉. The Bell
states will be abbreviated as follows:β00 := | 00〉+ | 11〉 , β01 := | 01〉+ | 10〉,
β10 := | 00〉− | 11〉 , β11 = | 01〉− | 10〉 andγ := | 00〉+ | 01〉+ | 11〉+ | 10〉.

The following two results are well-known:

Proposition 4. Let H(i) andH(j) be two Hilbert spaces. There exists a bijec-
tive correspondenceψ between the linear mapsF : H(i) → H(j) and the states
of H(i) ⊗ H(j). Given the bases{ε(i)α }α and{ε(j)β }β of these spaces, the corre-

spondenceψ is given by the mappingF = Σαβ mαβ 〈ε(i)α | −〉.ε(j)β into the state

ψ(F ) = Σαβ mαβ .ε
(i)
α ⊗ ε

(j)
β .

12



Proposition 5. Let H = H⊗n and letW = {x⊗ | 0〉⊗(n−1) : x ∈ H} be
given. Any linear mapF : H → H induces a linear mapF(1) : H → H in a
canonical manner: it is defined as the unique map onH satisfyingF(1)(x) =
PW ◦ F (x⊗ | 0〉⊗(n−1)). Conversely, any linear mapG : H → H can be repre-
sented asG = F(1) for some linear mapF : H → H.

Notation. The above results allow us to specify a compound state inH(i) ⊗H(j)

via some linear mapF onH. Indeed, ifF : H → H is any such linear map, let
F(1) : H → H be the map in the above proposition; this induces a corresponding

mapF (ij)
(1) : H(i) → H(j), by puttingF (ij)

(1) := εj ◦ F(1) ◦ ε−1
i , whereεi is

the canonical isomorphism introduced above (betweenH and thei-th component
H(i) of H⊗n ). Then we denote byF (ij) the state

F (ij) := ψ(F (ij)
(1) )

given by the above mentioned bijective correspondenceψ betweenH(i) → H(j)

andH(i) ⊗H(j). The following result is also known from the literature:

Proposition 6. Let F : H → H be a linear map. Then the stateF (ij) is “entan-
gled according toF ”; i.e. if F(1)(| x〉) =| y〉 and if the state of a 2-qubit system
is F (ij) ∈ H(i) ⊗ H(j), then any measurement of qubiti resulting in a statexi

collapses the qubitj to stateyj .

In our axiomatic proof system, we will take (a syntactic counterpart of) this
result as our central axiom, the “Entanglement Axiom”.

Notation. The notationF (ij) can be further extended to define a property (set
of states)F ij ⊆ Σ = Σ(H), by defining it asthe set of all states having the
{i, j}-qubits in the stateF (ij) :

F ij = {s ∈ Σ : s{i,j} = F (ij)}
= {µ{i,j}(ψ ⊗ ψ′) : ψ ∈ F (ij), ψ

′ ∈ HN\{i,j}} ⊆ Σ

whereµ{i,j} is as above the canonical isomorphism betweenH{i,j} ⊗HN\{i,j}.
In other words,F ij is simply the property of ann-qubit compound state of having
its i-th andj-th qubits (separated from the others, and) in a state that is “entangled
according toF ” .

13



Local properties and separation. Given a setI ⊆ N , a propertyS ⊆ Σ is local
in I if it corresponds to a property of the subsystem formed by the qubits inI; in
other words, if there exists some propertyS′ ⊆ Σ(HI) such that:

S′ = {s ∈ Σ : sI ∈ S′}

or, more explicitly: S′ = {µI(ψ ⊗ ψ′) : ψ ∈ S′, ψ′ ∈ HN\I}. An example
is the propertyF ij , which is{i, j}-local. The family of local properties forms a
complete lattice(with inclusion) in which the join is given byunionS ∪ T , the
atomscorrespond tolocal states, and thegreatest elementis the property

>Σ
I := {s ∈ Σ : s is I − separated} =

⋃
{S ⊆ Σ : S is I − local}

that definesseparation: a states is I-separated iffs ∈ >Σ
I . The family of local

properties is closed under union, intersection butnot under complementation.

Local Maps. GivenI ⊆ N , a linear mapF : H → H is I-local if it “affects only
the qubits inI “; in other words, if there exists a mapG : HI → HI such that:

F ◦ µI (ψ ⊗ ψ′) = µI (G(ψ)⊗ ψ′)

A mapF : Σ → Σ is I-local if it is the map induced onΣ by anI-local linear map
onH. Examplesare: all the testsSI? of I-local properties; logic gates that affect
only the qubits inI, i.e. (maps onΣ induced by) unitary transformationsUI :
H → H such that for allψ,ψ′ ∈ HI , we haveUI ◦µI(ψ⊗ψ′) = µI(U(ψ)⊗ψ′),
for someU : HI → HI . The family of local maps is closed under composition.

Local actions. A local action is a quantum actionR ⊆ Σ × Σ that that can be
written as an arbitrary8 union of local maps. The family of local actions forms a
complete lattice(with inclusion), in which the join is given byunionR ∪R′, and
thegreatest elementis the action

>Σ×Σ
I :=

⋃
{F : Σ → Σ : F is anI − local map}

Lemma 2. (“Teleportation Property”) If s is ani-separated state having itsi-th
qubitsi in the statex ∈ H, then after doing two successive bipartite measurements
Gjk? followed byFij?, thek-th qubit (k-th component of) the output-state is:(

Fij? ◦Gjk?(s)
)
k

= G(1) ◦ F(1)(x)

8i.e. possibly infinite
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Lemma 3. (“Entanglement Composition Lemma”)The main lemma in [15]
states (in our notation) that, given a quadruple ofdistinct indices i, j, k, l, let
F,G,H,U, V : H → H be single-qubit linear maps (i.e.1-local transforma-
tions), then we have:

Gjk? ◦ Vk ◦ Uj (F ij ∩Hkl) ⊆ (H ◦ U† ◦G ◦ V ◦ F )il

[15] and [1] use these last two lemmas as the main tool in explaining teleportation,
quantum gate teleportation and many other quantum protocols. We will use this
work in our logical treatment of such protocols, by formally proving (syntactic
correspondents of) these lemmas in our axiomatic proof system, and then using
them to analyze teleportation.

Observe that in the above Lemma, the order in which the operationsUj andVk

are applied is in factirrelevant. This is a consequence of the following important
property of local transformations:

Proposition 7. (Compatibility of local transformations affecting different sets of
qubits)If I ∩ J = ∅, FI is anI-local map andGJ is aJ-local map, then we have:

FI ◦GJ = GJ ◦ FI

Another important property of local maps (onstates) is:

Proposition 8. ( “Agreement Property”)Let FI , GI : Σ → Σ be twoI-local
maps on states, having the same domain9: dom(F ) = dom(G). Then their
output-states agree on all non-I qubits, i.e. for alls ∈ Σ:

F (s)N\I = G(s)N\I

whenever both sides of the identityexist(i.e. whenever bothF (s) andG(s) are
I-separated.)

Dynamic Characterizations of Main Unitary Transformations.

It is well-known that a linear operator on a vector space in a given Hilbert space
is uniquely determinedby the values it takes on the vectors of an (orthonormal)
basis. An important observation is that this fact is no longer “literally true” when

9The domain of a map is defined bydom(F ) = {s ∈ Σ : F (s) is defined}. If F ′ is the
corresponding linear map onH, this means thatdom(F ) = {ψ : F ′(ψ) 6= 0}.
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we move to “states” as one-dimensional subspaces instead of vectors. The reason
is that “phase”-aspects (or, in particular, the signs “+” and “−”) are not “state”
properties in our setting. In other words, two vectors that differ only in phase,
i.e x = λy whereλ is a complex number with| λ |= 1, belong to the same
subspaces, so they correspond to the same statex = y.

Example 1. (Counterexample) Consider a 2 dimensional Hilbert space in
which we denote the basis vectors by| 0〉 and | 1〉, a transformationI is given
by I(α| 0〉 + β| 1〉) = α | 0〉 + β | 1〉; and a transformationJ is given by
J(α| 0〉+ β| 1〉) = α | 0〉 − β | 1〉. AlthoughI andJ induce different operators
on states , these operators map the basis states to the same images:
I(0) = I(| 0〉) = 0 = J(| 0〉) = J(0), I(1) = I(| 1〉) = 1 = − | 1〉 = J(| 1〉) =
J(1). But of course we do distinguish the subspaces generated by different super-
positions:I(+) = | 0〉+ | 1〉 = + 6= − = | 0〉− | 1〉 = J(+).

Proposition 9. A linear operator on the state spaceΣ(H1) of a 2 dimensional
Hilbert space is uniquely determined by its images on the states:| 0〉, | 1〉, | +〉.

Corollary 3. A linear operator on the state spaceΣ(Hn) of the spaceHn is
uniquely determined by its images on the states:

{| x〉1 ⊗ ...⊗ | x〉n :| x〉i ∈ {| 1〉i, | 0〉i, | +〉i}}

In the definition of a quantum frame given above, we introduced the setU as
the set of unitary transformations for single systems. For compound systems
the setU will be extended with the kind of operators that are active on com-
pound systems. Following the quantum computation literature, we takeU =
{X,Z,H,CNOT, ...} whereX,Z andH are defined by the following table:

0 1 +

X 1 0 +
Z 0 1 -
H + - 0

The transformationCNOT is given by the table:

00 01 0+ 11 10 1+ +0 +1 ++
CNOT 00 01 0+ 10 11 1+ β00 β01 γ
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3 The LogicLQP

Syntax ofLQP

To build up the language ofLQP , we are given a natural numbern, and we
putN = {1, 2, . . . , n}. We start from a setQ of propositional variables, a set
C of propositional constants; and a setU of program constants, denotingbasic
programs, to be interpreted asquantum gates(i.e. unitary transformations); each
program constantU ∈ U comes together with an indexI, which is a sequence of
distinct indices inN ; the index gives us the set of qubits on which the quantum
gateU is active; when we want to make explicit the index, we write e.g.UI for
an I-local quantum gates. In particular, for everyi, j ≤ n, we are given some
special program constantsCNOTij , Xi,Hi, Zi, . . . ∈ U . Similarly, we are given
two special propositional constants1,+ ∈ C, the first denoting the separated state
| 1〉⊗n =| 1〉⊗ | 1〉 · · · ⊗ | 1〉 and the second denoting the state| +〉⊗n =
| +〉⊗ | +〉 · · · ⊗ | +〉. The syntax ofLQP is an extension of the classical syntax
for PDL, with a set of propositionalformulasand a set ofprograms, defined by
mutual induction:

ϕ ::= >I | p | c | ¬ϕ | ϕ ∧ ϕ | [π]ϕ
π ::= >I | ϕ? | U | π† | π ∪ π | π;π

Here, we takeI to denote sequences of distinct indices inN = {1, 2, . . . , n}. The
sentence>I expressesI-separation: it is true iff the qubits inI form a separated
subsystem. So>I denotes the greatest element>Σ

I of the lattice ofI-local prop-
erties. In particular, the sentence> := >N denotes the “always true” proposition
(verum), i.e. the “top” of the lattice of all properties.10 The constructs¬ϕ and
ϕ∧ϕ denote classical negation and conjunction, while the construct given by dy-
namic modalities[π]ϕ denotesthe weakest precondition that ensures that property
ϕ will hold after running programπ.

On the program side:>I denotes thetrivial I-local action>Σ×Σ
I , which acts

on any givenI-separated state by keeping unchanged theN \ I subsystem, while
changing theI subsystem to any randomly pickedI system. In other words,>I

is the union of allI-local actions. The meaning of quantum testϕ?, adjointπ†,
union π ∪ π and compositionπ;π is given by the corresponding operations on
quantum actions.

Notice that we did not includeiteration (Kleene star) among our program
constructs: this is only because we do not need it for any of the applications in

10Notice also the distinction between the constant1i (characterizing the qubit| 1〉I ) and the con-
stant>i (denoting the property of beingi-separated).
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this paper. Indeed, most quantum programming does not involvewhile-loops;
but (as pointed in our Section 6) one can of course add iteration to our logic, if
needed.

Extending the Basic Language ofLQP . We extend our language by defining
the operations for aclassical disjunctionand aclassical implicationin the usual
way, i.e.ϕ∨ψ := ¬(¬ϕ∧¬ψ),ϕ→ ψ := ¬ϕ∨ψ. We introduce constantsverum
> := >N , andfalsum⊥ := ¬>. We define theclassical dualof [π]ϕ in the usual
way as〈π〉ϕ := ¬[π]¬ϕ ; themeasurement modalities2 and3 that are known in
the quantum logic literature can be defined inLQP by putting3ϕ := 〈ϕ?〉> and
2ϕ := ¬3¬ϕ. Theorthocomplementis defined as∼ ϕ := 2¬ϕ, or equivalently
as∼ ϕ := [ϕ?]⊥. By means of the orthocomplement we define a binary operation
for quantum joinϕ t ψ :=∼ (∼ ϕ∧ ∼ ψ). This expressessuperpositions: ϕ t ψ
is true at any state which is a superposition of states satisfyingϕ orψ.

We also introduce some notions and notations for programs: we call a program
π deterministicif π is constructed without the use of non-deterministic choice∪
or of the non-deterministic program>I . Also, we put

flipij := CNOTij ;CNOTji;CNOTij

for the program which (given any{i, j}-separated input state) permutes theith

and thejth components. Finally, we put

id := >?

for the identitymap.

Order, Equivalence, Orthogonality, I-equivalence, testability, locality, sepa-
ration . We can internalize the relations oflogical equivalence, being weaker than,
andI-equivalencebetween formulas, the properties oflocality andtestability, and
the notion ofI-componentby defining the following formulas:

ϕ ≤ ψ := 22(ϕ→ ψ)
ϕ = ψ := 22(ϕ↔ ψ)
ϕ ⊥ ψ := ϕ ≤∼ ψ
T (ϕ) := ∼∼ ϕ ≤ ϕ
ϕI := >I ∧ 〈>N\I〉ϕ
ϕ =I ψ := ϕ ≤ >I ∧ ψ ≤ >I ∧ ϕI = ψI

I(ϕ) := ϕ = ϕI

Recall from Section 2.1 that the double-box modality coincides with the universal
modality: so indeedϕ ≤ ψ means thatϕ is logically weakerthanψ, whileϕ = ψ
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means the formulas areequivalent. We readT (ϕ) as saying that “ϕ is testable”,
and I(ϕ) as “ϕ is I-local”. We readϕI as “theI-component ofϕ ”: a state
satisfies this sentence iff (it isI-separated and) itsI-subsystem is (a subsystem of
some state) satisfyingϕ. For I = {i}, we writeϕi := ϕI . We readϕ =I ψ as
“ ϕ is I-equivalent toψ”: the meaning is thatbothϕ andψ are I-separated and
have the sameI-component. Finally, we say thatϕ is I-separatediff ϕ ≤ >I .

Notice that it obviously follows from these definitions thateveryI-component
ϕI is I-local.

Special Local States. We can introduce some more propositional constants (which
will denote special local stateS), by putting:0i :=∼ 1i and−i :=∼ +i.

Image and Strongest Post-condition. We define thestrongest testable post-
conditionπ[ϕ] ensured by (applying a program)π on (any state satisfying a given
precondition)ϕ, by putting

π[ϕ] := ∼ [π†] ∼ ϕ

In the case thatϕ is assumed to betestableandπ is deterministic, the strongest
postconditionπ[ϕ] coincides with theimageπ(ϕ) of ϕ via π. The definition of
image of a testable property via a programπ(ϕ) can be extended toall programs
which are finite unions of deterministic programs, by putting, for alltestablefor-
mulasφ: π(φ) = π[φ] if π is deterministic, and(π ∪ π′)(φ) = π(φ) ∨ π′(φ) in
rest.

Notice thecontrast with classicalPDL: unlike the classical version, our
quantumPDL (as considered above, i.e.without program converse11) has enough
expressive power todefine strongest post-conditions (and, in a restrict contexts,
images) using weakest preconditions! The reason is that, in some context, the no-
tion of adjoint can replace the notion of converse. But notice that converse itself
is not expressible in our logic. This is for the best: the converse of a quantum ac-
tion has no physical meaning (except in the case of reversible, unitary evolutions),
while the adjoint is physically meaningful.
Notation: For any sequenceI ⊆ N of indices and any vector~c = (c(i))i∈I ∈
{0, 1,+}|I|, we set

~cI :=
∧
i∈I

c(i)i

11There also exists a version ofPDL with a program converse operatorπ^, such that the acces-
sibility relation for the converseπ^ is defined as the converse of the accessibility relation forπ. That
stronger logic can obviously express strongest post-condition of a programπ, using the existential
dynamic modalities, sinceπ(ϕ) = 〈π^〉ϕ.
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The unary maps induced by a program: We want to capture in our syntax
the constructionF(1), by which a linear mapF onH⊗n was used to describe a
unary mapF(1) on H. For this, we put:0i! := 0i? ∪ (1i?;Xi), and0I ! :=
0i1 !; 0i2 !; · · · ; 0ik

!, whereI = (i1, i2, . . . , ik). This maps any qubit inI to 0.
Similarly, we put;0I? := (0i1 ∧ 0i2 ∧ · · · ∧ 0ik

)?. Finally we define:

π(i) := 0N\{i}!;π; 0N\{i}?

This is the map we need (which encodes a single qubit transformation). In fact,
we shall only useπ(1) in the rest of this paper. We also want to consider the
Hi → Hj-version of the transformationπ(1), so we put:

πij := flip1i;π(1); flip1j

Local programs. We would like to isolatelocal programs, i.e. the ones that
“affect only the qubits in a given setI ⊆ N ”. For this, we define a formulaI(π)
meaning “programπ is I-local”:

I(π) :=
∧

~c,~d,~d′

(
~dN\I =N\I π(~cI ∧ ~dN\I) =I π(~cI ∧ ~d′N\I)

)

where the conjunction is taken over all~c ∈ {0, 1,+}|I| and all~d, ~d′ ∈ {0, 1,+}n−|I|.
Note that this definition is a simple formal translation of the semantic clauses

that express the fact that programπ “acts only locally” (affecting only theI-
subsystem, and in a way that depends only on theI-subsystem of the input state)
on the states of the form~c (with c ∈ {0, 1,+}). As we will see, one of our
axioms below (“Determinacy of deterministic programs”) ensures that this clause
is enough to ensure that programπ acts locallyon all (I-separated) states.

Entanglement according toπ. To describe states that are “entangled according
to π ”, we introduce the following formula:

πij := >ij ∧
∧

c∈{0,1,+}

([ci?](πij(ci))j ∧ (∼ ci → πij(ci) = ⊥))

Then, as a consequence, we will have the following obvious validity:

ci?(πij) =j πij(ci)

for everyci ∈ {0i, 1i.+i}.
Again, note that the identity in this definition is a formal translation of the

semantic clause defining “entanglement according to an action”,but only for the
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particular case of local states of the formci (with c ∈ {1, 0,+}). And again, one
of our axioms below (the “Entanglement Axiom”) ensures that the above identity
holds (not only for the elementsci, but) for all i-local states(i.e. all testable
i-local properties).

Semantics ofLQP
An LQP -modelis amulti-partite quantum frameΣ = Σ(H) based on ann-

dimensional Hilbert spaceH, together with avaluation function, mapping each
propositional variablep into a set of states|| p ||⊆ Σ . We will use the valuation
map to give an interpretation|| ϕ || ⊆ Σ to all our formulas, in terms of quantum
properties of our multi-partite frame, i.e. sets of states inΣ. In the same time, we
give an interpretation|| π || ⊆ Σ × Σ to all our programs, in terms ofquantum
actions. The two interpretations are defined bymutual recursion.

Interpretation of Programs.

|| >I || := >Σ×Σ
I , || ϕ? || := || ϕ ||?

|| U || := U , || π† || := || π ||†
|| π1 ∪ π2 || := || π1 || ∪ || π2 || , || π1;π2 || := || π2 ||; || π1 ||

The interpretation|| π || allows us to extend the notation
π→ to all programs, by

putting: s
π→ t iff (s, t) ∈ || π ||.

Interpretation of Formulas. We extend the valuation|| p || from propositional
variables to all formulas, by putting for the others:

|| 1 || = | 1〉⊗n , || + || = | +〉⊗n

|| ϕ ∧ ψ || = || ϕ || ∩ || ψ || , || ¬ϕ || = Σ\ || ϕ ||
|| [π]ϕ || = [ || π || ] || ϕ || , || >I || = >Σ

I

Proposition 10. The interpretation of any testable formula is a testable property.
The interpretation of anI-local formula (orI-local deterministic program) is an
I-local property (orI-local linear map on states).

Lemma 4. ||∼ ϕ ||=|| ϕ ||⊥, || [ϕ?]ψ ||= [|| ϕ ||?] || ψ ||, || 2ϕ ||= 2 || ϕ ||,
|| ϕ || =||∼∼ ϕ ||

Proposition 11. The following are equivalent, for every formulaϕ:
1. || ϕ || is testable (i.e.T (ϕ) is valid)
2. ϕ is semantically equivalent to∼∼ ϕ
3. ϕ is semantically equivalent to some formula2ψ
4. ϕ is equivalent to some formula∼ ψ
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4 Proof Theory for LQP

4.1 Axioms for single systems

First, we admitall the axioms and rulesof classicalPDL, except for the ones
concerning testsϕ? and Kleene star12 π∗. In particular, we have the

Substitution Rule. From ` Θ infer ` Θ[p/ϕ]
and the “normality” conditions for the dynamic modalities[π]:

Kripke Axiom. ` [π](p→ q) → ([π]p→ [π]q)
Necessitation Rule. From ` p infer ` [π]p
Considering2p, we introduce the following axioms:
Test Generalization Rule. If p does not occur inϕ orψ, then:
from ` ϕ→ [q?]ψ infer ` ϕ→ 2ψ
Testability Axiom. ` 2p→ [q?]p
Testability can be stated in its dual form by means of〈q?〉p → 3p or equiva-
lently as〈q?〉p→ 〈p?〉>. This dual formulation of Testability allows us to give a
straightforward interpretation: if the property associated top can be actualized by
a measurement (yielding an output state satisfyingp), then we can directly test the
propertyp (by doing a measurement forp). The Test Generalization Rule encodes
the fact that2 is a universal quantifier over all possible measurements.

OtherLQP -axioms are:

Partial Functionality. ` ¬[p?]q → [p?]¬q
Adequacy. ` p ∧ q → 〈p?〉q
Repeatability. ` T (p) → [p?]p
Proper Superpositions. ` 〈π〉22p→ [π′]p
Unitary Functionality. ` ¬[U ]q ↔ [U ]¬q
Unitary Bijectivity 1. ` p↔ [U ;U†]p
Unitary Bijectivity 2. ` p↔ [U†;U ]p
Adjointness. ` p→ [π]2〈π†〉3p

Proposition 12. Testability is closed under conjunctions, weakest preconditions;
2-sentences, orthocomplements and strongest postconditions are testable:

• ` T (p) ∧ T (q) → T (p ∧ q)
12We skip the axioms for iterationπ∗ only because we chose not to include this construct in our

logic. But if one addsπ∗ to our syntax, the usualPDL axioms for iteration are still sound, so they
can be added to the proof system.
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• ` T (p) → T ([π]p)

• ` T (2p)

• ` T (∼ p)

• ` T (π[p])

A formulaϕ is calledtestableif the theorem

` T (ϕ)

is provable in our system. Observe that this notion is proof-theoretic. However,
the above Proposition gives us a purely syntactical way to check testability:

Corollary : Any formula of the formula of the form2ϕ, ∼ ϕ or >, or which
can be obtained from these formulas using only conjunctionsφ ∧ ψ and weakest
preconditions[π]ϕ, is testable.

Proposition 13. (Quantum Logic, Weak Modularity or Quantum Modus Ponens)
All the axioms and rules of traditional Quantum Logic are satisfied by ourtestable
formulas. In particular, from our axioms one can prove “Quantum Modus Po-
nens”13 ϕ ∧ [ϕ?]ψ ≤ ψ. In its turn, this rule is equivalent to the condition known
in quantum logic as Weak Modularity, stated as follows:ϕ∧(∼ ϕt(ϕ∧ψ)) ≤ ψ.

Theorem 3. (Soundness and Completeness)All the other axioms above are
sound. Moreover,if we eliminate from the syntax of our logic all the special
constants(both propositional constants>I , 1 and+, and program constants>I ,
CNOT ,X,H, Z etc.),then there exists a complete proof system, which includes
the above axioms.14

The proof of this theorem is given in our paper [6], and it is based on an
extension of (Mayet’s version [28] of) Solèr’s Theorem [36], itself an extension
of Piron’s Representation Theorem for Piron lattices [31, 32, 2].

13This explains why the weakest precondition[ϕ?]ψ has been taken as the basic implicational con-

nective in traditional Quantum Logic, under the name of “Sasaki hook”, denoted byϕ
S→ ψ.

14In addition, the system includes two more axioms of a rather technical nature, namely Piron’s
“Covering Law” (due to C. Piron in [32]) and “Mayet’s Condition” (due to Mayet in [28]). See [6] for
details.
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Proposition 14. The formulaπ[ϕ] expresses thestrongest testable postcondition
ensured by executing programπ on any state satisfying (precondition)ϕ. In other
words: for everytestableψ, we have

π[ϕ] ≤ ψ iff ϕ ≤ [π]ψ

Proposition 15. (Adjointness Theorem)For all testableformulasϕ,ψ, we have:

ϕ ⊥ π[ψ] iff π†[ϕ] ⊥ ψ

4.2 Axioms for compound systems

Axioms for the trivial I-local program. The program>I is the weakestI-local
program; i.e.:

` I(π) → 〈π〉p ≤ 〈>I〉p

and
` I(>I).

As an immediate consequence, we obtain that

∼ >I = ⊥

(since it is easy to see that the identity programid is I-local for every, so applying
the first axiom above to the programπ = id, we obtain that> = 〈id〉> ≤ 〈>I〉>,
i.e.> = 〈>I〉>, and so∼ >I = [>I?]⊥ = ¬〈>I〉> = ¬> = ⊥).

Another immediate consequence is thatthe formula>I is the weakestI-local
property, i.e. we have:

` I(>I)

and
` I(p) → p ≤ >I .

Syntactically, we define an“ I-local state” to be any sentenceϕ such that

` I(ϕ) ∧ ϕ 6= ⊥ ∧ (I(p) ∧ ⊥ 6= p ≤ ϕ → p = ϕ)

for somep not occurring inϕ. In other words, these are propositions that can be
proved to be atoms of the lattice of (consistent)I-local properties.
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Local States Axiom. Testable local properties are “local states”(in the above
sense, i.e. atomic local properties): ifI 6= N then

` T (p) ∧ I(p) ∧ I(q) ∧ ⊥ 6= q ≤ p → q = p

Basic-State Testability Axiom. Our basic local statesci, πij are testable: If
i, j ∈ N , c ∈ {0, 1,+,−} andπ is a deterministic program, then we have

` T (ci) ∧ T (πij)

As an immediate consequence of the last two axioms, we have that all con-
stants of the form~cI (with ~c ∈ {0, 1,+,−}|I|)) are (testable)I-local states; simi-
larly, if π is deterministic thenπij is a (testable){i, j}-local state.

The following inference rule says that the lattice of local properties isatom-
istic:

Local Atomicity Rule . Local properties are unions of testable local properties
(i.e. of local states): if I 6= N and the variablep does not occur inϕ, ψ or θ, then
from ` ψ ∧ T (pI) ∧ pI ≤ ϕ → pI ≤ θ
infer ` ψ ∧ I(ϕ) → ϕ ≤ θ

As a consequence of the above axioms and rules, we obtain the following

Corollary . For I 6= N , every local state is testable. In other words:
if I 6= N andp does not occur inϕ, then from

` I(ϕ) ∧ ϕ 6= ⊥ ∧ (I(p) ∧ ⊥ 6= p ≤ ϕ → p = ϕ)

we can infer ` T (ϕ).
Separation Axiom. If a state is bothI-separated andJ-separated, then it is also
N \ I-separated,I ∪ J-separated andI ∩ J-separated:

` >I ∧ >J → >N\I ∧ >I∪J ∧ >I∩J

The following axioms state that+i and−i are proper superpositions of0i and
1i:

Proper Superposition Axioms: ` +i → 30i ∧31i and ` −i → 30i ∧31i.

The next axiom expresses the above-mentioned property of linear operators on
H of being uniquely determined by their values on all the states| x〉1 ⊗ · · · | x〉n,
with | x〉i ∈ {| 0〉i, | 1〉i, | +〉i}:
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Determinacy Axiom of Deterministic Programs. For deterministic programs
π, π′:

`
∧

~c∈{0,1,+}n

(π(~cN ) = π′(~cN ) → π(p) = π′(p) )

The next axiom is the central one of our system, capturing the computational
essence of entanglement, as a semantic counterpart of Proposition 6 of Section 2:

Entanglement Axiom. If π is deterministic andi 6= j, then:

` T (pi) → pi?(πij) =j πij(pi)

Before presenting out next axioms, we note some consequence of the previous
ones. First, as for testability, we can define a proof-theoretic notion of locality. A
formulaϕ is I-local if ` I(ϕ) is a theorem; similarly, a programπ is I-local if
` I(π) is a theorem.

Proposition 16. Any formula of the formϕI is alwaysI-local. Any formula of
the formπij is {i, j}-local. If ϕ andψ areI-local formulas andπ is anI-local
program, thenϕ ∨ ψ, ϕ ∧ ¬ψ andϕ ∧ [π]ψ areI-local. If ϕ is I-local andψ is
J-local, thenϕ ∧ ψ is I ∪ J-local.

Proposition 17. If ϕ is atestableI-local formula, thenϕ? is anI-local program.
>I is I-local. If π andπ′ areI-local, thenπ ∪ π′ andπ;π′ areI-local.

Proposition 18. Local programs act locally.In other words:

` I(π) ∧ p =I q → p =N\I π(p) =I π(q)

Proposition 19. Systems composed of identical parts are identical:

` p =I q ∧ p =J q → p =I∪J q

Proposition 20. ` pI ⊥ q ↔ pI ⊥ qI

Proposition 21. (Dual Local Atomicity Rule).If I 6= N , ϕ andθ areI-separated,
andp does not occur inϕ,ψ or θ, then: from

` ψ ∧ T (pI) ∧ pI ⊥ ϕ → pI ⊥ θ

infer
` ψ ∧ T (ϕI) ∧ T (θI) → ϕ =I θ
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Proof: By using the fact thatpI ⊥ q ↔ pI ⊥ qI and theI-locality of pI , we
can rewrite the assumption as

` ψ ∧ T (pI) ∧ pi ≤ (>I∧ ∼ ϕI) → pI ≤ (>I∧ ∼ θI)

Assume nowψ ∧ T (ϕI) ∧ T (θI). Then the formula>I∧ ∼ ϕI = >I ∧ ¬(>I ∧
[ϕI?]⊥) is I-local (sinceϕI is testableI-local, soϕI? is anI-local program, so
>I ∧ [ϕI?]⊥ is I-local) and similarly>I∧ ∼ θI is I-local. So we can apply the
Local Atomicity Rule, obtaining that:(>I∧ ∼ ϕI) ≤ (>I∧ ∼ θI). Applying
orthocomplementation, we have that:∼ (>I∧ ∼ θI) ≤∼ (>I∧ ∼ ϕI). From
this we get that:θI =∼∼ θI = ⊥t ∼∼ θI =∼ >It ∼∼ θI =∼ (>I∧ ∼
θI) ≤∼ (>I∧ ∼ ϕI) =∼ >It ∼∼ ϕI = ⊥ t ϕI = ϕI . But by the Local States
Axiom, this implies thatθI = ϕI (since both are testableI-local with I 6= N ,
thus they are local states). Since bothθI andϕI areI-separated, it follows that
θ =I ϕ.

Theorem 4. (Compatibility of Programs Affecting Different Qubits).If I∩J = ∅
andπ, π′ are deterministic, then

` I(π) ∧ J(π′) → π;π′(p) = π′;π(p)

Proof: This is an immediate application of the Determinacy Axiom above.
By that axiom, it is enough to show the required identity for allp of the form
p = ~cN , with ~c ∈ {0, 1,+}n. Using the fact thatI ∪ (N \ (I ∪ J)) ⊆ N \ J and
J∪(N\(I∪J)) ⊆ N\I (sinceI∩J = ∅) and the Proposition saying that local pro-
grams “act locally”, we can easily show that(π;π′)(~cN ) =N\(I∪J) cN =N\(I∪J)

(π′;π)(~cN ), (π;π′)(~cN ) =I π(~cN ) =I (π′;π)(~cN ) and(π;π′)(~cN ) =J π
′(~cN ) =J

(π′;π)(~cN ). Using a previous Proposition, we put these together to conclude that
(π;π′)(~cN ) =I∪J∪(N\(I∪J)) (π′;π)(~cN ), i.e. that(π;π; )(~cN ) = (π′;π)(~cN ).

Proposition 22. (Dual Entanglement).If π is deterministic andi 6= j, then

` T (qj) → qj?(πij) =i π
†
ij(qj)

Proof: AssumeT (qj) and we need to show thatqj?(πij) =i π†ij(qj). It
is easy to see that both sides arei-separated (i.e.≤ >i), and also that both
(qj?(πij))i and(π†ij(qj))i are testable (since they are local states), so we are in
the conditions of the Dual Local Atomicity Rule (Proposition 21) above. By that
Proposition, to prove the above identity, it is enough to show that:

` T (pi) ∧ pi ⊥ π†ij(qj) → pi ⊥ qj?(πij).
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To show this, letpi be such thatT (pi) and pi ⊥ π†ij(qj). By the Adjoint-
ness Theorem, we have thenπij(pi) ⊥ qj , and soqj?(πij(pi)) = ⊥. By the
previous Proposition (on Compatibility of Programs on Different Qubits), we
have: pi?(qj?(πij)) = (pi?; qj?)(πij) = (qj?; pi?)(πij) = qj?(pi?(πij)) =
qj?(πij(pi)) = ⊥ (where we have used the Entanglement Axiom). So we ob-
tain thatpi ⊥ qj?(πij). (So using the Dual Local Atomicity Rule, the desired
conclusion follows).

Proposition 23. (Entanglement Preparation Lemma)

` πij(pi) ⊥ qj → πij ⊥ (pi ∧ qj)

Proof: From the hypothesis, we obtain thatqj ⊥ (πij(pi))j , and so(pi∧qj) ⊥
(πij(pi))j , from which it follows that(pi ∧ qj) ⊥ [pi?](πij(pi))j (using the fact
that pi?(pi ∧ qj) = pi ∧ qj , by Adequacy). On the other hand, we haveπij ≤
[pi?](πij(pi))j (sincepi?(πij) ≤ (pi?(πij))j = (πij(pi))j , by the Entanglement
Axiom), and so we obtain that(pi ∧ qj) ⊥ πij .

Theorem 5. (Teleportation Property).If i, j, k are distinct indices then

` (σjk?;πij?)(pi) =k (πij ;σjk)(pi)

Proof: By the same argument as above, it is enough to prove that:

` T (qk) ∧ qk ⊥ (πij ;σjk)(pi) → qk ⊥ (σjk?;πij?)(pi)

To show this, letqk such thatT (qk) andqk ⊥ (πij ;σjk)(pi). Thenqk ⊥ σjk(πij(pi)),
and by Adjointness Theorem we haveσ†jk(qk) ⊥ πij(pi). By Dual Entanglement,
it follows that qk?(σjk) ⊥ πij(pi). By the Entanglement Preparation Lemma,
we haveπij ⊥ (qk?(σjk) ∧ pi). Hence we obtain:qk? ((σjk?;πij?)(pi)) =
qk? (πij?(σjk?(pi))) = πij? (qk?(σjk?(pi))) =ijk πij?(qk?(σjk) ∧ pi) = ⊥
(where we have used Theorem 4 on the Compatibility of Programs on Different
Qubits). So we obtain, as desired, thatqk ⊥ (σjk?;πij?)(pi).

Corollary . If ij, k are distinct then

` πij?(pi ∧ σjk) =k (πij ;σjk)(pi)

Proof: By the Repeatability Axiom, we haveσjk?(pi) ≤ σjk. Assuming
thatσjk?(pi) 6= ⊥, we obtain thatσjk?(pi) =jk σjk (sinceσjk is testable and
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{j, k}-local, and so it’s a local state) and also thatσjk?(pi) =i pi (since “local
programs act locally”, by Proposition 18). Thus, we obtain thatσjk?(pi) =ijk

pi∧σjk. Applying the{i, j} local programπij , we obtain thatπij?(pi∧σjk) =ijk

πij?(σjk?(pi)) = (σjk?;πij?)(pi) =k (πij ;σjk)(pi), from which we obtain the
desired conclusion.

By a refinement of the proof of Teleportation Property, we can prove the fol-
lowing proof-theoretic version of Lemma 2 in Section 2.2:

Proposition 24. (Entanglement Composition Lemma).For distinct indicesi, j, k, l,
programsπ, π′, π′′ and local{1}-programsσ1, ρ1 we have:

` πij ∧ π′kl → [σj ; ρk;π′′jk?](π;σ1;π′′; ρ
†
1;π′)il

Thedomaindom(ϕ) of a mapπ is defined asdom(π) :=< π > >.

Theorem 6. (Agreement Property). If two I-local mapsπ, π′ have the same
domain and they separate the input-state, then their output states agree on all non-
I qubits: i.e. ifI ∩ J = ∅ then for all deterministic programsπ, π′ we have
` T (p) ∧ I(π) ∧ I(π′) ∧ dom(π) = dom(π′) ∧ π(p) ≤ >I ∧ π′(p) ≤ >I →
π(p) =N\I π

′(p).

Proof: Let’s putψ := T (p) ∧ I(π) ∧ I(π′) ∧ dom(π) = dom(π′) ∧ π(p) ≤
>I ∧ π′(p) ≤ >I , and let us assume thatψ is true. By definition,π(p) is testable
(sinceπ is deterministic, soπ(p) = π[p] =∼ [π†] ∼ p, and every sentence of
the form∼ ψ is testable), and the same is true forπ′(p). So we can use the
Dual Local Atomicity Rule to prove the above identity. Let nowqN\I be such
thatT (qN\I) andqN\I ⊥ π(p). Then(π; qN\I?)(p) = ⊥. By the Compatibility
of Programs on Different Qubits, we obtain that(qN\I?;π)(p) = ⊥, i.e. p ≤
[qN\I ][π]⊥ = [qN\I ]¬z〈π〉> = [qN\]¬dom(π). But dom(π) = dom(π′), so
p ≤ [qN\I ]¬dom(π′) = [qN\I ][π′]⊥, i.e. (qN\I?;π′)(p) = ⊥. Working now
in reverse, we apply again the Compatibility of Programs on Different Qubits,
obtaining(π′; qN\I?)(p) = ⊥, i.e. qN\I ⊥ π′(p). So we have proved that:

` ψ ∧ T (qN\I) ∧ qN\I ⊥ π(p) → qN\I ⊥ π′(p).

By applying now the Dual Local Atomicity Rule, we obtain

` ψ → π(p) =N\I π
′(p),

i.e. the desired conclusion.
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Characteristic Formulas. In order to formulate our next axioms (dealing with
special logic gates), we give some characteristic formulas for binary states, con-
sidering two qubits indexed byi andj:

States Characteristic Formulas

| 00〉ij = | 0〉i⊗ | 0〉j 〈0i?〉0j ∧ [1i?] ⊥
Bell states:
βi,j

xy = | 0〉i⊗ | y〉j + (−1)x | 1〉i ⊗ ỹ〉j 〈0i?〉yj ∧ 〈1i?〉ỹj ∧ 〈+i?〉(−)x
j

with 0̃ = 1 and1̃ = 0 , x, y ∈ {0, 1} where(−)x = − if x = 1
and(−)x = + if x = 0

γi,j = βi,j
00 + βi,j

01 =
| 00〉ij+ | 01〉ij+ | 10〉ij+ | 11〉ij 〈0i?〉+j ∧〈1i?〉+j ∧〈+i?〉+j

Locality Axiom for Quantum Gates. Our special quantum gates are local, af-
fecting only the specified qubits:

` {i}(Xi) ∧ {i}(Zi) ∧ {i}(Hi) ∧ {i, j}(CNOTij)

In addition to this, we require forX,Z,H:

Characteristic Axioms for Quantum GatesX andZ.

` 0i → [Xi]1i ; ` 1i → [Xi]0i ; ` +i → [Xi]+i

` 0i → [Zi]0i ; ` 1i → [Zi]1i ; ` +i → [Zi]−i

` 0i → [Hi]+i ; ` 1i → [Hi]−i ; ` +i → [Hi]0i

Notation. Forx, y ∈ {0, 1} and distinct indicesi, j ∈ N , we make the following
abbreviations for “Bell formulas”:βij

xy := (Zx
1 ;Xy

1 )ij .

Proposition 25. The Bell statesβi,j
xy are characterized by the logic Bell formulas

βij
xy. In other words, a state satisfies one of these formulas iff it coincides with the

corresponding Bell state.

Proof: It is enough to check that the formulasβij
xy imply the corresponding char-

acteristic formulas in the above table. For this, we use the Entanglement Ax-
iom and the following (easily checked) theorems:` 01 ↔< Zx

1 ;Xy
1 > y1,

` 11 ↔< Zx
1 ;Xy

1 > ỹ1, ` +1 →< Zx
1 ;Xy

1 > (−)x
1 .

Characteristic Axioms for CNOT . With the above notations, we put:

` 0i ∧ cj → [CNOTij ]cj ; ` 1i ∧ 0j → [CNOTij ]1j

` 1i ∧ 1j → [CNOTij ]0j ; ` 1i ∧+j → [CNOTij ]+j

` +i ∧ 0j → [CNOTij ]β
ij
00 ; ` +i ∧ 1j → [CNOTij ]β

ij
01

` +i ∧+j → [CNOTij ]γij where γij = 〈0i?〉+j ∧〈1i?〉+j ∧〈+i?〉+j
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Proposition 26. For all x, y ∈ {0, 1}: ` (Hi;CNOTi,j(xi ∧ yj) = βij
xy

Corollary . If i, j, k are all distinct then
` (CNOTij ;Hj ; (xi ∧ yj)?)(p) =k β

i,j
xy?(p).

Proof: From the above Proposition and fromH† = H, CNOT † = CNOT ,
we get(CNOTi,j ;Hi)(βij

xy) = xi ∧ yi, and sodom(CNOTi,j ;Hi) =
= 〈CNOTij ;Hi; (xi ∧ yj)?〉> = 〈βij

xy?〉> = dom(βij
xy?). The conclusion fol-

lows from this, together with the Agreement Property.

5 Correctness of the Teleportation Protocol

Following [29], quantum teleportation is the name of a technique that makes it
possible to teleport the state of a quantum system without using a channel that
allows for quantum communication, but with a channel that allows for classical
communication. We are working inH⊗H⊗H, withH being the two-dimensional
(qubit) space, and son = 3. We assume two agents, Alice and Bob who are sepa-
rated in space and each has one qubit of an entangled EPR pair that is represented
by β2,3

00 ∈ H(2) ⊗H(3). Alice holds in addition to her part of the EPR pair also a
qubit q1 ∈ H(1), in an unknown local stateq1. (Note thatq1 is a testable1-local
property, since it is a1-local state.) Alice wants to “teleport” this unknown state
to Bob, i.e. she will perform a program that will output a state satisfyingid13(q1).
To do this, she first entanglesq1 with her partq2 of the EPR pair (i.e. she performs
aCNOT1,2 gate on the two qubits and then a Hadamard transformationH1 on the
first component). Bob’s qubit has suffered during the actions of Alice and when
Alice will measure her qubits she will destroy the entanglement of the EPR pair
that she shares with Bob. The initial state of Bob’s qubit is known and we can
calculate which changes it has gone through when we know the result that Alice
obtains from the two measurements. Moreover, the result that Alice obtains from
the two measurements indicate the actions that Bob has to perform in order to
transfer his qubitq3 into the stateid13(q1) (corresponding to the qubit Alice had
before the protocol). It is enough for Alice to send Bob two classical bits encoding
the resultx1 of the first measurement and the resulty2 of the second measurement.
This means that Bob will have to applyy times theX-gate followed byx times
theZ gate, if he wants to force his qubitq3 into the stateid13(q1).
In our syntax, the quantum program described here is:

π =
⋃

x,y∈{0,1}

CNOT12;H1; (x1 ∧ y2)?;Xy
3 ;Zx

3
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and the validity expressing the correctness of teleportation is

` π(q1 ∧ β2,3
00 ) =3 id13(q1).

To show this, observe that by applying the above Corollary (at the end of the
last section) in which we takei = 1, j = 2, k = 3, we obtain that the validity
above (to be proved) is equivalent to:̀ (β12

xy?;Xy
3 ;Zx

3 )(q1 ∧β2,3
00 ) =3 id13(q1).

Replacing the logical Bell formulas with their definitionsβij
xy := (Zx

1 ;Xy
1 )ij , we

obtain the following equivalent validity:̀ ((Zx
1 ;Xy

1 )12?;X
y
3 ;Zx

3 )(q1∧ id23) =3

id13(q1) , whereid = Z0
1 ;X0

1 is the identity. This last validity follows from ap-
plying the (Corollary of) Teleportation Property and the validityZx

1 ;Xy
1 ;Xy

1 ;Zx
1 =

id (due toX−1 = X,Z−1 = Z).
Note. This proof of correctness can be easily adapted to coverLogic-Gate Tele-
portation. Moreover, the whole range of quantum programs covered by the “en-
tanglement networks” in [15] can be similarly treated using our logic.

6 Conclusions and Future Work

We presented here a dynamic logic for compound quantum systems, capable of
expressing and proving highly non-trivial features of quantum information flow,
such as entanglement and teleportation, properties of local transformations, sep-
aration, Bell statesetc. The logic is Boolean, but hasmodalities capturing the
non-classical logical dynamics of quantum systems; in addition, it hasspatial fea-
tures, allowing us to express properties ofsubsystemsof a compound quantum
system. The logic comes with a simple relational semantics, in terms of quantum
states and quantum actions in a Hilbert space. We present a sound proof system,
and we use it to prove interesting properties of quantum information, including a
formal correctness proof for the Teleportation protocol.

However, there are a number of open problems left. Although in [6] we
sketched a completeness result for the quantum dynamic logic ofsingle-system
quantum frames,no corresponding completeness result is known for compound
systems. So the completeness problem for the logicLQP presented in this paper
is still open.

Although in this paper we have only considerediteration-freequantumPDL
(i.e. a logic that does not includeiteration, or Kleene star,π∗, among the oper-
ations on programs), since iteration was not needed in our simple quantum pro-
gramming applications. But one can of course add iteration and consider the re-
sulting logic, which would be useful in applications to quantum programs involv-
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ing while-loops. The usualPDL axioms for Kleene star are sound, but again
completeness remains an open problem.

Another problem, of great importance for quantum computation, is extend-
ing our setting to deal with thequantitative aspects of quantum information(in
particular with notions like phase and probability). Our aim in this paper was to
develop a logic to reason aboutqualitativequantum information flow, so we ne-
glected theprobabilisticaspects of quantum systems. There are natural ways to
extend our setting, using quantum versions ofprobabilistic modal logic, and we
plan to investigate them in future work.

A similar, but deeper, open problem is the one of developing a logic that can
deal with finer quantitative aspects of quantum, such as(relative) phase. This is
an important concept for quantum computation, so a logic that can deal with phase
aspects would be most useful.
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