Under consideration for publication in Math. Struct. in Comp. Science

LQP: The Dynamic Logic of Quantum
Information

ALEXANDRU BALTAG* and SONJA SMETS

* Ozford University Computing Laboratory, UK.
Y Virije Universiteit Brussel, Flanders’ Fund for Scientific Research Post-Doc, Belgium.

Received 2005; Revised 4 December 2005

The main contribution of this paper is the introduction of a dynamic logic formalism for
reasoning about information flow in composite quantum systems. This builds on our
previous work on a complete quantum dynamic logic for single systems. We extend that
work here to a sound (but not necessarily complete) logic for composite systems, which
brings together ideas from the Quantum Logic tradition with concepts from (dynamic)
Modal Logic and from Quantum Computation. This Logic of Quantum Programs (LQP)
is capable of expressing important features of quantum measurements and unitary
evolutions of multi-partite states, as well as giving logical characterizations to various
forms of entanglement (e.g. the Bell states, the GHZ states etc). We present a finitary
syntax, a relational semantics and a sound proof system for this logic. As applications,
we use our system to give formal correctness proofs for the Teleportation protocol and for
a standard Quantum Secret Sharing protocol; a whole range of other quantum circuits
and programs, including other known protocols (e.g. Superdense Coding, Entanglement
Swapping, Logic-Gate Teleportation etc.), can be similarly verified using our logic.

1. Introduction

As a natural extension of Hoare Logic, Propositional Dynamic Logic (PDL) is an impor-
tant tool for the logical study of programs, especially by providing a basis for program
verification. In the context of recent advances in quantum programming, it is natural
to look for a quantum version of PDL, which could play the same role in proving cor-
rectness for quantum programs that classical PDL (and Hoare logic) played for classical
programs.

The search for such a “quantum PDL ” has been one of the main objectives of our
previous investigations into the logic of quantum information flow. In a series of pre-
sentations (Baltag 2004; Smets 2004) and papers (Baltag and Smets 2005a; Baltag and
Smets 2004; Baltag and Smets 2005b), we proposed several logical systems: in (Baltag
and Smets 2005a) we focused on single systems' and presented two equivalent complete

L A single system is just an isolated physical system; the possible states of such a system are represented
in Quantum Mechanics as rays in some Hilbert space. In contrast, a composite (also called compound,
or multi-partite) system is one that we can think of as being composed of two (or more) distinct
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aziomatizations for a Logic of Quantum Actions (LQA, allowing actions such as mea-
surements and unitary evolutions, but no entanglements). The completeness result was
obtained with respect to infinite-dimensional classical Hilbert spaces, as models for sin-
gle quantum systems. The challenge of providing a similar axiomatization for compound
systems was taken up in (Baltag and Smets 2004), where a first proposal for a logic of
multi-partite quantum systems was sketched.

In this paper we elaborate further, simplify and improve on the work outlined in (Bal-
tag and Smets 2004), developing a full-fledged Logic of Quantum Programs LQP.? This
includes: (1) a simple finitary syntaz for a modal language, based on a minor variation
of classical PDL, with dynamic modalities corresponding to (weakest preconditions of)
quantum programs; (2) a relational semantics for this logic, in terms of quantum states
and quantum actions over a finite-dimensional Hilbert space; (3) a sound (but not neces-
sarily complete® ) proof system, which includes axioms to handle separation, locality and
entanglement; (4) formal proofs (in our proof system LQP) of non-trivial computational
properties of compound quantum systems; (5) an analysis (with a formal correctness
proof) of the Teleportation and the Quantum Secret Sharing protocols. More generally,
the strength of LQ P lies in the fact that it can provide fully formal correctness proofs for
a whole class of quantum circuits and protocols, class which includes Logic-Gate Telepor-
tation, Superdense Coding, Entanglement Swapping etc, as well as more complex circuits
built using quantum gates and measurements.

The logic introduced here brings together a number of ideas from several fields: theoret-
ical foundations of quantum mechanics, operational quantum logic, dynamic modal logic,
spatial logic and quantum computation. In the rest of this section we give an overview
of the main concepts underlying the logic LQP.

The first fundamental idea of our approach connects two independent lines of research:
the first is the long tradition in the logical-algebraic foundations of Quantum Mechanics,
which in particular has produced various “dynamic” interpretations of quantum logic
(QL), in (Daniel 1982; Daniel 1989; Faure et al. 1995; Amira et al 1998; Coecke et al.
2004; Coecke 2000; Coecke et al. 2001; Coecke and Smets 2005; Coecke and Stubbe
1999; Smets 2005; Smets 2001); the second line is the work on modal “action” logics
in Computer Science, the main example being Dynamic Logic (PDL) and its relatives

physical (sub)systems. The corresponding Hilbert space is the tensor product of each of the spaces
associated to the subsystems. So, in a sense, single systems subsume composite systems (since any
tensor product of Hilbert spaces is just another Hilbert space); but on the other hand, treating a
system as being composite amounts to having a more detailed complex theory of the system (than
when treating it as single), a theory that captures the specific features arising from being a composite
structure, in addition to the general features of any physical system. A “logic” for compound systems
will thus be a richer logic than one for single systems.

But note the difference between our logic LQP and the approach with a similar name in (Brunet
and Jorrand 2003): our dynamic logic goes much further in capturing essential properties of quantum
systems and quantum programs, as well as in recovering the ideas of traditional quantum logic (see
e.g. (Dalla Chiara and Giuntini 2002; Dalla Chiara et al. 2004; Goldblatt 1974)).

Unlike the case of infinite-dimensional single systems, for which a complete logic was given in (Baltag
and Smets 2005a), the problem of finding a complete proof system for the logic LQP is still open.

M

«w



LQP: The Dynamic Logic of Quantum Information 3

(Hoare logic, but also dynamic interpretations of basic modal logics as languages for
“processes” or labelled transition systems, e.g. Hennessey-Milner logic).

We stress the fact that, until our recent work (Baltag and Smets 2005a), these two tra-
ditions were not only independent, but they were not even sharing a common language.
The use of the word “dynamic” in the QL tradition didn’t have much in common with
“dynamic” logic; QL aimed for an algebraic axiomatization of quantum systems, based
on the non-distributive lattice of “quantum properties”, structure obtained by abstracting
away from the lattice of projectors in a Hilbert space H (or, equivalently, the lattice of
closed linear subspaces of H); the goal was to obtain Representation Theorems for these
logical structures with respect to Hilbert spaces, thus being able to claim a “rational”,
“logical” (or “operational”) reconstruction of Quantum Mechanics.? In this context, the
“dynamic” twist had to do with adding features belonging to physical dynamics to the
standard (static) QL description; first, by giving a “dynamic” interpretation to the main
structure (the lattice of properties) and the logical connectives (quantum implication,
quantum disjunction) of QL: e.g. in (Smets 2001; Coecke and Smets 2005; Coecke et
al. 2004) (partially anticipated in (Hardegree 1975; Hardegree 1979; Beltrametti and
Cassinelli 1977)), quantum-logical connectives are interpreted dynamically, as expressing
potential causality (i.e. what in Computer Science is known as weakest preconditions);
second, some of the researchers in ()L went on to incorporate “true” physical dynamics,
i.e. Schrodinger flows (unitary evolutions) to the algebra, as operators on the underly-
ing lattice; the resulting structure is a quantale of “quantum actions”, introduced and
investigated in (Coecke et al. 2001) and (Coecke and Stubbe 1999).

In contrast, the modal logician’s (and the computer scientist’s) use of “dynamics” has
to do with modelling processes as labelled transition systems (Kripke models), in which
the possible “actions” are represented as binary relations between possible states, and
the natural descriptive language is modal, having dynamic modalities to express weak-
est preconditions (ensuring given post-conditions after specific actions).® Thus, the “first
fundamental idea” of our logic, idea first presented in (Baltag 2004; Smets 2004) and pub-
lished in (Baltag and Smets 2005a), is to connect these two traditions by giving a quantum
(re)interpretation of Dynamic Logic, in which both (projective) measurements and unitary
evolutions are treated as modal actions, and to use this formalism in order to improve on
the known Representation Theorems in ()L. In this quantum interpretation, the “test”
actions ? of PDL (used to capture conditional programs in dynamic logic) are to be
read as “successful measurements” of a quantum property ¢ (i.e. projectors in a Hilbert
space over the subspace generated by the set of states satisfying ), while the other basic
actions of PDL are taken to be quantum gates (i.e. unitary operators on a Hilbert space).
As shown in (Baltag 2004; Smets 2004; Baltag and Smets 2005a), this immediately al-
lows us to re-capture in our (Boolean) logic all the power of traditional (non-Boolean)
Quantum Logic: the “quantum disjunction” (expressing superpositions), the “quantum

4 This goal was partially realised in (Piron 1964; Piron 1976), and later improved upon in (Soler 1995;
Mayet 1999) and related work.

5 See e.g. (Harel et al. 2000) for an introduction to dynamic modalities [r]y) describing weakest precon-
ditions ensuring (the satisfaction of some post-condition) 1 after the execution of action .
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negation” (the so-called “orthocomplement” ~ ¢, expressing necessary failure of a mea-
surement) and the “quantum implication” (the so-called “Sasaki hook” ¢ 5 1, capturing
causality in quantum measurements) are all expressible using quantum-dynamic modal-
ities [¢?]ty) (which capture weakest preconditions of quantum measurements).5 In other
words: in our logic (unlike other logical approaches to quantum systems), all the non-
classical “quantum?” effects are captured using a non-classical “logical dynamics”, while
keeping the classical, Boolean structure of the underlying propositional logic of “static”
properties.

The second fundamental idea of our approach is the one first outlined in (Baltag
and Smets 2004): adding spatial features to dynamic quantum logic, in order to capture
relevant properties of multi-partite (i.e. compound) quantum systems (e.g. separation,
locality, entanglement). For this, we use a finite set N of indices to denote the most basic
“parts” (qubits) of the system, and use sets of indices I C N to denote all the (possibly
compound) subsystems; we have special propositional constants 1, 0, + etc. to express the
fact that qubits are in the state |1), |0) or |[+) etc; we use a basic propositional formula T
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